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MODULI OF PARABOLIC CONNECTIONS ON A CURVE AND
RIEMANN-HILBERT CORRESPONDENCE
MICHI-AKI INABA
Abstract. Let (C, t) (t = (t1, . . . , tn)) be an n-pointed smooth projective curve of genus g and take
an element λ = (λ
(i)
j ) ∈ C
nr such that −
∑
i,j λ
(i)
j = d ∈ Z. For a weight α, let M
α
C (t,λ) be the
moduli space of α-stable (t,λ)-parabolic connections on C and let RPr(C, t)a be the moduli space of
representations of the fundamental group pi1(C \ {t1, . . . , tn}, ∗) with the local monodromy data a for
a certain a ∈ Cnr. Then we prove that the morphism RH : MαC (t,λ) → RPr(C, t)a determined by
the Riemann-Hilbert correspondence is a proper surjective bimeromorphic morphism. As a corollary, we
prove the geometric Painleve´ property of the isomonodromic deformation defined on the moduli space
of parabolic connections.
1. Introduction
Let C be a smooth projective curve over C and t1, . . . , tn be distinct points of C. For an algebraic
vector bundle E on C and a logarithmic connection ∇ : E → E ⊗ Ω1C(t1 + · · ·+ tn), ker∇an|C\{t1,...,tn}
becomes a local system on C \ {t1, . . . , tn} and corresponds to a representation of the fundamental group
π1(C \ {t1, . . . , tn}, ∗), where ∇an is the analytic connection corresponding to ∇. The correspondence
(E,∇) 7→ ker∇an|C\{t1,...,tn} is said to be the Riemann-Hilbert correspondence. If l ⊂ E|ti is a sub-
space satisfying resti(∇)(l) ⊂ l, then ∇ induces a connection ∇′ : E′ → E′ ⊗ Ω1C(t1 + · · · + tn), where
E′ := ker(E → (E|ti/l)). We say (E′,∇′) the elementary transform of (E,∇) along ti by l. Note that
ker∇an|C\{t1,...,tn} ∼= ker(∇′)an|C\{t1,...,tn}.
We put
Λ(n)r (d) :=

(λ(i)j )1≤i≤n0≤j≤r−1 ∈ Cnr
∣∣∣∣∣∣d+
∑
i,j
λ
(i)
j = 0


for integers d, r, n with r > 0, n > 0. We write t = (t1, . . . , tn) and take an element λ ∈ Λ(n)r (d).
Definition 1.1. We say (E,∇, {l(i)∗ }1≤i≤n) a (t,λ)-parabolic connection of rank r if
(1) E is a rank r algebraic vector bundle on C,
(2) ∇ : E → E ⊗ Ω1C(t1 + · · ·+ tn) is a connection, and
(3) for each ti, l
(i)
∗ is a filtration E|ti = l(i)0 ⊃ l(i)1 ⊃ · · · ⊃ l(i)r−1 ⊃ l(i)r = 0 such that dim(l(i)j /l(i)j+1) = 1
and (resti(∇)− λ(i)j idE|ti )(l
(i)
j ) ⊂ l(i)j+1 for j = 0, . . . , r − 1.
The filtration l
(i)
∗ (1 ≤ i ≤ n) is said to be a parabolic structure of the vector bundle E. For a parabolic
connection (E,∇, {l(i)j }), the elementary transform of (E,∇) along ti by l(i)j determines another parabolic
connection. Then an elementary transform gives a transformation Elm
(i)
j on the set of isomorphism classes
of parabolic connections. See section 3, (3) for the precise definition of Elm
(i)
j . Then we should say that
the Riemann-Hilbert correspondence gives a bijection RH between the set
(†)
{
(E,∇, {l(i)j }) : parabolic connection of rank r
}/
∼
and the set
(††) {ρ : π1(C \ {t1, . . . , tn}, ∗)→ GLr(C) : representation} / ∼=,
where ∼ is the equivalence relation generated by x ∼ Elm
l
(i)
j
(x), (E,∇, {l(i)j }) ∼ (E,∇, {l(i)j })⊗OC(tk)
and (E,∇, {l(i)j }) ∼ (E,∇, {l′(i)j }). Then the bijectivity of RH immediately follows from the theory of
Deligne ([4]). Indeed take any representation ρ : π1(C \ {t1, . . . , tn}, ∗)→ GLr(C). Then ρ corresponds
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to a locally constant sheaf V on C \ {t1, . . . , tn}. By [[4], II, Proposition 5.4], there is a unique pair
(E,∇) of a vector bundle E and a connection ∇ : E → E ⊗ Ω1C(t1 + · · · + tn) such that all the eigen-
values of resti(∇) lie in {λ ∈ C|0 ≤ Re(λ) < 1} and ker∇an|C\{t1,...,tn} ∼= V. We can take a parabolic
structure {l(i)j } on E compatible with connection ∇. Then (E,∇, {l(i)j }) becomes a parabolic connection
and RH([(E,∇, {l(i)j })]) = ρ. So RH is surjective. Let (E,∇, {l(i)j }) be a (t,λ)-parabolic connection and
(E′,∇′, {(l′)(i)j }) be a (t,λ′)-parabolic connection such that RH([(E,∇, {l(i)j )]) = RH([(E′,∇′, {(l′)(i)j })]),
namely ker∇an|C\{t1,...,tn} ∼= ker(∇′)an|C\{t1,...,tn}. By Proposition 3.1, There are a (t,µ)-parabolic con-
nection (E1,∇1, {(l1)(i)j }) and a (t,µ′)-parabolic connection (E′1,∇′1, {(l′1)(i)j }) such that (E,∇, {l(i)j }) ∼
(E1,∇1, {(l1)(i)j }), (E′,∇′, {(l′)(i)j }) ∼ (E′1,∇′1, {(l′1)(i)j }) and 0 ≤ Re(µ(i)j ) < 1, 0 ≤ Re((µ′)(i)j ) < 1
for any i, j. Since ker∇an1 |C\{t1,...,tn} ∼= ker(∇′1)an|C\{t1,...,tn}, we can see by [[4], II, Proposition
5.4] that (E1,∇1) ∼= (E′1,∇′1). So we have (E,∇, {l(i)j }) ∼ (E1,∇1, {(l1)(i)j }) ∼ (E′1,∇′1, {(l′1)(i)j }) ∼
(E′,∇′, {(l′)(i)j }). Thus we obtain the injectivity of RH.
Unfortunately, we cannot expect an appropriate algebraic structure on the moduli space of the elements
[(E,∇, {l(i)j })] in the set (†). So we can recognize that it is natural to consider the moduli space of
isomorphism classes of parabolic connections in the moduli theoretic description of the Riemann-Hilbert
correspondence. However, we must consider a stability when we construct the moduli of parabolic
connections as an appropriate space. So we set MαC (t,λ) as the moduli space of α-stable parabolic
connections. See Theorem 2.1 and Definition 2.2 for the precise definition of MαC (t,λ). Next we consider
the moduli space RPr(C, t)a of certain equivalence classes of representations of the fundamental group
π1(C \{t1, . . . , tn}, ∗). Here two representations are equivalent if their semisimplifications are isomorphic.
There is not an appropriate moduli space of isomorphism classes of the representations of the fundamental
group. For a construction of a good moduli space containing all the representations, we must consider
such an equivalence relation. See section 2.2 for the precise definition of RPr(C, t)a. The most crucial
part of the main result (Theorem 2.2) is that the morphism RH : MαC (t,λ) −→ RPr(C, t)a determined
by the Riemann-Hilbert correspondence is a proper surjective bimeromorphic morphism. This theorem
was proved in [7] for C = P1 and r = 2. However there were certain difficulties to generalize this fact to
the case of general C and r.
One of the most important motivation to consider such a theorem is to consider an application to the
geometric description of the differential equation determined by the isomonodromic deformation. See
section 8 for the precise definition of the isomonodromic deformation. This differential equation is said
to be the Schlesinger equation for C = P1, the Garnier equation for C = P1 and r = 2, and the Painleve´
equation of type sixth for C = P1, r = 2 and n = 4. M. Jimbo, T. Miwa and K. Ueno give in [12]
and [13] an explicit description of the Schlesinger equation. In this paper, we will constrct a space M
with a morphism π : M → T such that there is a differential equation on M with respect to a time
variable t ∈ T which is determined by the isomonodromic deformation. If we fix a point t0 ∈ T , π−1(t0)
should become a space of initial conditions of the differential equation determined by the isomonodromic
deformation. Take any point x ∈ π−1(t0) and consider the analytic continuation γ starting at x and πγ
coming back to the initial point t0 such that γ is a solution of the differential equation determined by
the isomonodromic deformation. Then γ should come back to a point of π−1(t0). We will generalize
this property to the geometric Painleve´ property. Roughly speaking, the geometric Painleve´ property
is the property of the space where the differential equation is defined and any analytic continuation of
a solution of the differential equation stays in the space. See Definition 2.5 for the precise definition of
the geometric Painleve´ property. In fact we will take M as the moduli space MαC/T (t˜, r, d) of α-stable
parabolic connections and π : MαC/T (t˜, r, d) → T as the structure morphism. For example let us assume
that C = P1 and take an α-stable parabolic connection x = (E,∇, {l(i)j }) such that E ∼= O⊕rP1 . Let
γ : [0, 1] → Mα
P×T/T (t˜, r, 0) be a path starting at x and πγ ends at π(x) such that γ is a solution of
the differential equation determined by the isomonodromic deformation. Then the ending point γ(1)
corresponds to an α-stable parabolic connection (E′,∇′, {(l′)(i)j }), but E′ may not be trivial. So we
recognize that it is not enough to consider only trivial vector bundle with a connection. We should also
consider a non-trivial vector bundle with a connection.
Our aim here is to construct a space where the isomonodromic deformation is defined and satisfies
the geometric Painleve´ property over every value of λ. (It is not difficult to construct such a space over
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generic λ but it is difficult to construct over special λ.) In fact that space is nothing but the moduli space
of α-stable parabolic connections and the result is given in Theorem 2.3, which is essentially a corollary
of Theorem 2.2. Here note that the properness of the morphism RH is very essential in the proof of
Theorem 2.3. The geometric Painleve´ property immediately deduces the usual analytic Painleve´ property.
So we can say that Theorem 2.3 gives a most clear proof of the Painleve´ property of the isomonodromic
deformation. As is well-known, the solutions of the Painleve´ equation have the Painleve´ property, which
is in some sense the property characterizing the Painleve´ equation (and there were many proof of the
Painleve´ property). So the usual analytic Painleve´ property plays an important role in the theory of the
Painleve´ equation, but we can see from the definition that the “ geometric Painleve´ property” is much
more important from the view point of the description of the geometric picture of the isomonodromic
deformation.
To prove the main results, this paper consists of several sections. In section 4, we prove the existence
of the moduli space of stable parabolic connections. An algebraic moduli space of parabolic connections
was essentially considered by D. Arinkin and S. Lysenko in [1], [2] and [3] and they showed that the
moduli space of parabolic connections on P1 of rank 2 with n = 4 for generic λ is isomorphic to the space
of initial conditions of the Painleve´ equation of type sixth constructed by K. Okamoto ([16]). For special
λ, we should consider a certain stability condition to construct an appropriate moduli space of parabolic
connections. In the case of C = P1 and r = 2, K. Iwasaki, M.-H. Saito and the author already considered
in [7] the moduli space of stable parabolic connections and they proved in [8] that the moduli space of
stable parabolic connections on P1 of rank 2 with n = 4 is isomorphic to the space of initial conditions of
the Painleve´ VI equation constructed by K. Okamoto for all λ. An analytic construction of the moduli
space of stable parabolic connections for general C and r = 2 was given by H. Nakajima in [14]. However,
in our aim, the algebraic construction of the moduli space is necessary. The morphism RH determined
by the Riemann-Hilbert correspondence is quite transcendental, which is explicitly shown in the case of
C = P1, r = 2 and n = 4 in [8]. This statement make sense only if we construct the moduli spaces
MαC (t,λ) and RPr(C, t)a algebraically. Moduli of logarithmic connections without parabolic structure
is constructed in [15]. For the proof of Theorem 2.1, we do not use the method in [17]. We construct
MαC/T (t˜, r, d) as a subscheme of the moduli space of parabolic Λ
1
D-triples constructed in [7]. We also use
this embedding in the proof of the properness of RH in Theorem 2.2.
In section 5, we prove that the moduli space of stable parabolic connections is an irreducible variety.
For the proof, we need certain complicated calculations and this part is a new difficulty, which did not
appear in [7].
In section 6, we consider the morphism RH determined by the Riemann-Hilbert correspondence and
prove the surjectivity and properness ofRH. This is the essential part of the proof of Theorem 2.2. Notice
that for generic λ, parabolic connection is irreducible and so all parabolic connections are stable. Moreover
we can easily see that the moduli space MαC (t,λ) of parabolic connections for generic λ is analytically
isomorphic via the Riemann-Hilbert correspondence to the moduli space RPr(C, t)a of representations
of the fundamental group π1(C \ {t1, . . . , tn}, ∗). However, for special λ, several parabolic connections
may not be stable and the stability condition depends on α. So we can see that the surjectivity of
RH is not trivial at all for special λ, because for a point [ρ] ∈ RPr(C, t)a, we must find a parabolic
connection corresponding to [ρ] which is α-stable. Moreover, the moduli space MαC (t,λ) of α-stable
parabolic connections is smooth, but the moduli space RPr(C, t)a of representations of the fundamental
group becomes singular. So the morphism RH : MαC (t,λ) → RPr(C, t)a is more complicated in the
case of special λ than the case of generic λ. We first prove the surjectivity of RH in Proposition 6.1.
In this proof, we use the Langton’s type theorem in the case of parabolic connections. This idea was
already used in [7]. Secondly, we prove in Proposition 6.2 that every fiber of RH is compact by using an
embedding of MαC (t,λ) to a certain compact moduli space. In this proof, we can not use the idea given
in [7] and make new technique again. Finally we obtain the properness of RH by the lemma given by
A. Fujiki.
In section 7, we construct a canonical symplectic form on the moduli space MαC (t,λ) of α-stable
parabolic connections. Combined with the the fact that RH gives an analytic resolution of singularities
of RPr(C, t)a, we can say that RPr(C, t)a has symplectic singularities (for special a) and RH gives a
symplectic resolution of singularities. For the case of r = 2, H. Nakajima constructed the moduli space
MαC (t,λ) as a hyper-Ka¨hler manifold and it obviously has a holomorphic symplectic structure. Such a
construction for general r is also an important problem, though we do not treat it here.
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In section 8, we first give in Proposition 8.1 an algebraic construction of the differential equation on
MαC/T (t˜, r, d) determined by the isomonodromic deformation. Finally we complete the proof of Theorem
2.3.
Acknowledgments. The author would like to thank Professors Masa-Hiko Saito and Katsunori
Iwasaki for giving him the problem solved in this paper and also for valuable long discussions. He also
would like to thank Professors Takuro Mochizuki and Takeshi Abe for valuable comments and discussions
on the proof given in section 6.
2. Main results
Let C be a smooth projective curve of genus g. We put
Tn :=

(t1, . . . , tn) ∈
n︷ ︸︸ ︷
C × · · · × C
∣∣∣∣∣∣ ti 6= tj for i 6= j


for a positive integer n. For integers d, r with r > 0, we put
Λ(n)r (d) :=

(λ(i)j )1≤i≤n0≤j≤r−1 ∈ Cnr
∣∣∣∣∣∣d+
∑
i,j
λ
(i)
j = 0

 .
Take a member t = (t1, . . . , tn) ∈ Tn and λ = (λ(i)j )1≤i≤n,0≤j≤r−1 ∈ Λ(n)r (d).
Definition 2.1. We say (E,∇, {l(i)∗ }1≤i≤n) a (t,λ)-parabolic connection of rank r if
(1) E is a rank r algebraic vector bundle on C,
(2) ∇ : E → E⊗Ω1C(t1+ · · ·+ tn) is a connection, that is, ∇ is a homomorphism of sheaves satisfying
∇(fa) = a⊗ df + f∇(a) for f ∈ OC and a ∈ E, and
(3) for each ti, l
(i)
∗ is a filtration E|ti = l(i)0 ⊃ l(i)1 ⊃ · · · ⊃ l(i)r−1 ⊃ l(i)r = 0 such that dim(l(i)j /l(i)j+1) = 1
and (resti(∇)− λ(i)j idE|ti )(l
(i)
j ) ⊂ l(i)j+1 for j = 0, . . . , r − 1.
Remark 2.1. By condition (3) above, we have
degE = deg(det(E)) = −
n∑
i=1
resti(∇detE) = −
n∑
i=1
r−1∑
j=0
λ
(i)
j = d.
Take rational numbers
0 < α
(i)
1 < α
(i)
2 < · · · < α(i)r < 1
for i = 1, . . . , n satisfying α
(i)
j 6= α(i
′)
j′ for (i, j) 6= (i′, j′). We choose α = (α(i)j ) sufficiently generic.
Definition 2.2. A parabolic connection (E,∇, {l(i)∗ }1≤i≤n) is α-stable (resp. α-semistable) if for any
proper nonzero subbundle F ⊂ E satisfying ∇(F ) ⊂ F ⊗ Ω1C(t1 + · · ·+ tn), the inequality
degF +
∑n
i=1
∑r
j=1 α
(i)
j dim((F |ti ∩ l(i)j−1)/(F |ti ∩ l(i)j ))
rankF
<
(resp. ≤)
degE +
∑n
i=1
∑r
j=1 α
(i)
j dim(l
(i)
j−1/l
(i)
j )
rankE
holds.
Remark 2.2. Assume that α = (α
(i)
j ) satisfies the condition: For any integer r
′ with 0 < r′ < rank(E)
and for any (ǫ
(i)
j )
i=1,...,n
j=1,...,rank(E) with ǫ
(i)
j ∈ {0, 1} and
∑r
j=1 ǫ
(i)
j = r
′ for any i,
n∑
i=1
rank(E)∑
j=1
α
(i)
j (r
′ − rank(E)ǫ(i)j ) /∈ Z.
Then a parabolic connection (E,∇, {l(i)j }) is α-stable if and only if (E,∇, {l(i)j }) is α-semistable.
Let T be a smooth algebraic scheme which is a certain covering of the moduli stack of n-pointed
smooth projective curves of genus g over C and take a universal family (C, t˜1, . . . , t˜n) over T .
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Theorem 2.1. There exists a relative fine moduli scheme
MαC/T (t˜, r, d)→ T × Λ(n)r (d)
of α-stable parabolic connections of rank r and degree d, which is smooth and quasi-projective. The fiber
MαCx(t˜x,λ) over (x,λ) ∈ T × Λ
(n)
r (d) is the moduli space of α-stable (t˜x,λ)-parabolic connections whose
dimension is 2r2(g − 1) + nr(r − 1) + 2 if it is non-empty.
Definition 2.3. Take an element λ ∈ Λ(n)r (d). We call λ special if
(1) λ
(i)
j − λ(i)k ∈ Z for some i and j 6= k, or
(2) there exist an integer s with 1 < s < r and a subset {ji1, . . . , jis} ⊂ {0, . . . , r−1} for each 1 ≤ i ≤ n
such that
n∑
i=1
s∑
k=1
λ
(i)
jik
∈ Z.
We call λ resonant if it satisfies the condition (1) above. Let (E,∇, {l(i)j }) be a (t,λ)-parabolic connection
such that λ does not satisfy the condition (2) above. Then (E,∇, {l(i)j }) is irreducible. Here we say a
(t˜x,λ)-connection (E,∇E , {l(i)j }) reducible if there is a non-trivial subbundle 0 6= F ( E such that
∇E(F ) ⊂ F ⊗ Ω1Cx((t˜1)x + · · ·+ (t˜n)x). We say (E,∇E , {l
(i)
j }) irreducible if it is not reducible. We call
λ ∈ Λ(n)r (d) generic if it is not special.
Fix a point x ∈ T . Then the fundamental group π1(Cx \ {(t˜1)x, . . . , (t˜n)x}, ∗) is generated by cycles
α1, β1, . . . , αg, βg and loops γi around ti for 1 ≤ i ≤ n whose relation is given by
g∏
j=1
α−1j β
−1
j αjβj
n∏
i=1
γi = 1.
So the fundamental group is isomorphic to a free group generated by 2g + n − 1 free generators. Then
the space
Hom
(
π1(Cx \ {(t˜1)x, . . . , (t˜n)x}, ∗), GLr(C)
)
of representations of the fundamental group becomes an affine variety isomorphic to GLr(C)
2g+n−1 and
GLr(C) acts on this space by the adjoint action. We define
RPr((C)x, t˜x) := Hom
(
π1(Cx \ {(t˜1)x, . . . , (t˜n)x}, ∗), GLr(C)
)
//GLr(C)
as a categorical quotient. If we put
A(n)r :=
{
a = (a
(i)
j )
1≤i≤n
0≤j≤r−1 ∈ Cnr
∣∣∣a(1)0 a(2)0 · · ·a(n)0 = (−1)rn} ,
then we can define a morphism
RPr((C)x, t˜x) −→ A(n)r
[ρ] 7→ a = (a(i)j )
by the relation
det(XIr − ρ(γi)) = Xr + a(i)r−1Xr−1 + · · ·+ a(i)0 ,
where X is an indeterminate and Ir is the identity matrix of size r. Note that for any GLr(C)-
representation ρ of π1(Cx \ {(t˜1)x, . . . , (t˜n)x}, ∗),
det(ρ(γ1)) · · · det(ρ(γn))
= det(ρ(βg))
−1 det(ρ(αg))
−1 det(βg) det(αg) · · · det(ρ(β1))−1 det(ρ(α1))−1 det(β1) det(α1)
= 1
and so the equation a
(1)
0 a
(2)
0 · · · a(n)0 = (−1)rn should be satisfied.
We can define a relative moduli space RPr(C, t˜) =
∐
x∈T RPr(Cx, t˜x) of representations. Let T˜ → T
be the universal covering. Then RPr(C, t˜) ×T T˜ becomes a trivial fibration over T˜ . So we can define a
morphism
RPr(C, t˜)×T T˜ −→ T˜ ×A(n)r .
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We define a morphism
(1) rh : Λ(n)r (d) ∋ λ 7→ a ∈ A(n)r
by
r−1∏
j=0
(
X − exp(−2π√−1λ(i)j )
)
= Xr + a
(i)
r−1X
r−1 + · · ·+ a(i)0 .
For each member (E,∇, {l(i)j }) ∈ MαCx(t˜x,λ), ker(∇an|Cx\{(t˜1)x,...,(t˜n)x}) becomes a local system on Cx \
{(t˜1)x, . . . , (t˜n)x}, where ∇an means the analytic connection corresponding to ∇. The local system
ker(∇an|Cx\{(t˜1)x,...,(t˜n)x}) corresponds to a representation of π1(Cx \ {(t˜1)x, . . . , (t˜n)x}, ∗). So we can
define a morphism
RH(x,λ) :M
α
Cx(t˜x,λ) −→ RPr(Cx, t˜x)a,
where a = rh(λ). {RH(x,λ)} induces a morphism
(2) RH :MαC/T (t˜, r, d)×T T˜ −→ RPr(C, t˜)×T T˜
which makes the diagram
MαC/T (t˜, r, d))×T T˜
RH−−−−→ RPr(C, t˜)×T T˜y y
T˜ × Λ(n)r (d) id×rh−−−−→ T˜ ×A(n)r
commute.
The following is the main theorem whose proof is given in section 6.
Theorem 2.2. Assume α is so generic that α-stable ⇔ α-semistable (see Remark 2.2). Moreover we
assume rn− 2r − 2 > 0 if g = 0, n > 1 if g = 1 and n ≥ 1 if g ≥ 2. Then the morphism
RH : MαC/T (t˜, r, d)×T T˜ −→ (RPr(C, t˜)×T T˜ )×A(n)r Λ
(n)
r (d)
induced by (2) is a proper surjective bimeromorphic morphism. Combined with Proposition 7.1, we can
say that for each (x,λ) ∈ T × Λ(n)r (d),
(1) RH(x,λ) : M
α
Cx
(t˜x,λ) −→ RPr(Cx, t˜x)a is an analytic isomorphisms of symplectic varieties for
generic λ and
(2) RH(x,λ) :M
α
Cx
(t˜x,λ) −→ RPr(Cx, t˜x)a gives an analytic symplectic resolution of singularities of
RPr(Cx, t˜x)a for special λ.
Here we put a = rh(λ).
Remark 2.3. (1) For the case of r = 1, (RH)(x,λ) is an isomorphism for any (x,λ) ∈ T × Λ(n)1 (d) and
RP1(Cx, t˜x)a is smooth for any a.
(2) In Theorem 2.2 we consider the case n ≥ 1. As is stated in [[18], Proposition 7.8], the Riemann-
Hilbert correspondence for the case of n = 0 gives an analytic isomorphism between the moduli space
of integrable connections and the moduli space of representations of the fundamental group, but in that
case the moduli space of integrable connections may be singular.
Since RPr(C, t˜)×T T˜ → T˜ is a trivial fibration, we can consider the set of constant sections
FR :=
{
σ : T˜ → RPr(C, t˜)×T T˜
}
.
As is stated in Remark 6.2,
RPr(C, t)
sing
a =
{
[ρ] ∈ RPr(C, t)a
∣∣∣∣∣ ρ is reducible ordim(ker(ρ(γi)− exp(−2π√−1λ(i)j )Ir)) ≥ 2 for some i, j
}
is just the singular locus of RPr(C, t)a. If we put RPr(Cx, t˜x)♯a := RPr(Cx, t˜x)a \ RPr(C, t)singa , then
RH |Mα
Cx
(t˜x,λ)♯
: MαCx(t˜x,λ)
♯ → RPr(Cx, t˜x)♯a becomes an isomorphism, where we put MαCx(t˜x,λ)♯ :=
RH−1(x,λ)(RPr(Cx, t˜x)♯a). Put
(RPr(C, t˜)×T T˜ )♯ =
∐
(x,a)∈T˜×A
(n)
r
RPr(Cx, t˜x)♯a.
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Then the restriction F ♯R of FR to (RPr(C, t˜) ×T T˜ )♯ gives a foliation on (RPr(C, t˜) ×T T˜ )♯. The pull
back F˜ ♯M := RH−1(F ♯R) determines a foliation on (MαC/T (t˜, r, d) ×T T˜ )♯ where (MαC/T (t˜, r, d) ×T T˜ )♯ =
RH−1((RPr(C, t˜) ×T T˜ )♯). This foliation corresponds to a subbundle of the analytic tangent bundle
Θan
(Mα
C/T
(t˜,r,d)×T T˜ )♯
determined by a splitting
D♯ : π˜∗(Θan
T˜
)→ Θan
(Mα
C/T
(t˜,r,d)×T T˜ )♯
of the analytic tangent map
Θan
(Mα
C/T
(t˜,r,d)×T T˜ )♯
−→ π˜∗Θan
T˜
→ 0,
where π˜ : (MαC/T (t˜, r, d)×T T˜ )♯ → T˜ is the projection. We will show in Proposition 8.1 that this splitting
D♯ is in fact induced by a splitting
D : π∗(ΘT )→ ΘMα
C/T
(t˜,r,d)
of the algebraic tangent bundle, where π :MαC/T (t˜, r, d)→ T is the projection.
In order to explain the concept of the geometric Painleve´ property, let us review here several termi-
nologies introduced by K. Iwasaki in [9].
Definition 2.4. ([9]) A time-dependent dynamical system (M,F) is a smooth fibration π : M → T of
complex manifolds together with a complex foliation F on M that is transverse to each fiber Mt = π−1(t),
t ∈ T . The total space M is referred to as the phase space, while the base space T is called the space of
time-variables. Moreover, the fiber Mt is called the space of initial conditions at time t.
Definition 2.5. ([9]) A time-dependent dynamical system (M,F) is said to have the geometric Painleve´
property if for any path γ in T and any point p ∈ Mt, where t is the initial point of γ, there exists a
unique F-horizontal lift γ˜p of γ with initial point p. Here a curve in M is said to be F-horizontal if it
lies in a leaf of F .
D♯(π˜∗Θan
T˜
) obviously satisfies the integrability condition
[D♯(π˜∗Θan
T˜
), D♯(π˜∗Θan
T˜
)] ⊂ D♯(π˜∗Θan
T˜
)
because it corresponds to the foliation F˜ ♯M . Since
codim(Mα
C/T
(t˜,r,d)×T T˜ )♯
(
(MαC/T (t˜, r, d)×T T˜ ) \ (MαC/T (t˜, r, d)×T T˜ )♯
)
≥ 2,
we can see that D(π∗(ΘT )) also satisfies the integrability condition
[D(π∗(ΘT )), D(π
∗(ΘT ))] ⊂ D(π∗(ΘT )).
Then the foliation F˜ ♯M extends to a foliation F˜M on MαC/T (t˜, r, d) ×T T˜ . We can see that F˜M descends
to a foliation FM on MαC/T (t˜, r, d) which corresponds to the subbundle D(π∗(ΘT )) ⊂ ΘMαC/T (t˜,r,d). By
construction, we can see that
(
MαC/T (t˜, r, d),FM
)
becomes a time-dependent dynamical system with
base space T . As a corollary of Theorem 2.2, we can prove the following theorem whose proof is given in
section 8.
Theorem 2.3. Under the assumption of Theorem 2.2, the time-dependent dynamical system
(
MαC/T (t˜, r, d),FM
)
determined by the differential system D(π∗ΘT ) has the geometric Painleve´ property.
3. Elementary transform of parabolic connections
For a parabolic connection (E,∇, {l(i)j }) on (C, t), Put
E′ := ker(E −→ E|tp/l(p)q ).
Then ∇ induces a connection ∇′ : E′ → E′ ⊗ Ω1C(t1 + · · ·+ tn) such that the diagram
E′
∇′−−−−→ E′ ⊗ Ω1C(t1 + · · ·+ tn)y y
E
∇−−−−→ E ⊗ Ω1C(t1 + · · ·+ tn)
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commutes. Let E′|tp = (l′)(p)0 ⊃ (l′)(p)1 ⊃ · · · ⊃ (l′)(p)r−q be the inverse image of the filtration l(p)q ⊃ · · · ⊃
l
(p)
r = 0 by the linear map E′|tp → E|tp and (l′)(p)r−q ⊃ · · · ⊃ (l′)(p)r = 0 be the image of the filtration
E(−tp)|tp = l(p)0 ⊗ O(−tp) ⊃ · · · ⊃ l(p)q ⊗ O(−tp) by the linear map E(−tp)|tp → E′|tp . Then (l′)(p)∗
becomes a filtration of E′|tp . For i 6= p, we put (l′)(i)j = l(i)j for any j. Then (E′,∇′, {(l′)(i)j }) becomes a
parabolic connection on (C, t). We say (E′,∇′, {(l′)(i)j }) the elementary transform of (E,∇, {l(i)j }) along
tp by l
(p)
q .
Definition 3.1. We define a functor MC/T (t˜, r, d) of the category of locally noetherian schemes over T
to the category of sets by
MC/T (t˜, r, d)(S) =
{
(E,∇, {l(i)j })
}
/ ∼
for a locally noetherian scheme S over T , where
(1) E is a vector bundle on CS of rank r,
(2) ∇ : E → E ⊗ Ω1CS/S((t˜1)S + · · · + (t˜n)S) is a relative connection, that is, ∇ is a morphism of
sheaves such that ∇(fa) = a⊗ df + f∇(a) for f ∈ OCS and a ∈ E,
(3) E|(t˜i)S = l
(i)
0 ⊃ · · · ⊃ l(i)r = 0 is a filtration by subbundles on (t˜i)S such that res(t˜i)S (∇)(l
(i)
j ) ⊂ l(i)j
for i = 1, . . . , n and j = 0, 1, . . . , r − 1, and
(4) for any s ∈ S, E ⊗ k(s) is of degree d and dim
((
l
(i)
j /l
(i)
j+1
)
⊗ k(s)
)
= 1 for any i, j.
Here (E,∇, {l(i)j }) ∼ (E′,∇′, {(l′)(i)j }) if there is a line bundle L on S such that (E,∇, {l(i)j }) ∼=
(E′,∇′, {(l′)(i)j })⊗ L.
Remark 3.1. Take any member (E,∇, {l(i)j }) ∈MC/T (t˜, r, d)(S). Then res(t˜i)S (∇) induces a morphism
λ
(i)
j : l
(i)
j /l
(i)
j+1 → l(i)j /l(i)j+1 and λ = (λ(i)j ) ∈ Λ(n)r (d)(S). So we obtain a canonical morphism
λ˜ :MC/T (t˜, r, d) −→ hΛ(n)r (d).
Since there is a canonical morphism MC/T (t˜, r, d)→ hT , we obtain a morphism
(x˜, λ˜) :MC/T (t˜, r, d) −→ hT × hΛ(n)r (d) = hT×Λ(n)r (d).
Definition 3.2. For C-valued points λ ∈ Λ(n)r (d)(C), x ∈ T (C), (x,λ) can be considered as a morphism
hSpecC → hT × hΛ(n)r (d). Then we put
MCx(t˜x,λ) =MC/T (t˜, r, d)×h
T×Λ
(n)
r (d)
hSpecC.
MCx(t˜x,λ) can be considered as a functor of the category of locally noetherian schemes over C to the
category of sets.
For a locally noetherian scheme S over T , take any member (E,∇, {l(i)j }) ∈ MC/T (t˜, r, d)(S). For
(p, q) with 1 ≤ p ≤ n and 0 ≤ q ≤ r, we put
E′ := ker
(
E −→ (E|(t˜p)S/l(p)q )
)
.
Then ∇ induces a relative connection
∇′ : E′ −→ E′ ⊗ Ω1CS/S((t˜1)S + · · ·+ (t˜n)S)
such that the diagram
E′
∇′−−−−→ E′ ⊗ Ω1CS/S((t˜1)S + · · ·+ (t˜n)S)y y
E
∇−−−−→ E ⊗ Ω1CS/S((t˜1)S + · · ·+ (t˜n)S)
is commutative. Note that the sequence
E(−(t˜p)S)|(t˜p)S
π−→ E′|(t˜p)S
ι−→ E|(t˜p)S
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is an exact sequence. Im ι = l
(p)
q is a subbundle of E|(t˜p)S and Imπ = ker ι is a subbundle of E′|(t˜p)S .
Moreover kerπ = l
(p)
q ⊗ OCS (−(t˜p)S) is a subbundle of E(−(t˜p)S)|(t˜p)S . Let E′|(t˜p)S = (l′)
(p)
0 ⊃ · · · ⊃
(l′)
(p)
r−q be the inverse image by ι : E
′|(t˜p)S → E|(t˜p)S of the filtration l
(p)
q ⊃ · · · ⊃ l(p)r . Then each (l′)(p)j is a
subbundle of E′|(t˜p)S for 0 ≤ j ≤ r − q. Let (l′)
(p)
r−q ⊃ · · · ⊃ (l′)(p)r be the image by π : E(−(t˜p)S)|(t˜p)S →
E′|(t˜p)S of the filtration l
(p)
0 ⊗ OCS (−(t˜p)S) ⊃ · · · ⊃ l(p)q ⊗ OCS (−(t˜p)S). For each j with 0 ≤ j ≤ q,
l
(p)
j ⊗OCS (−(t˜p)S)/l(p)q ⊗OCS(−(t˜p)S) ∼→ (l′)(p)r−q+j is a subbundle of E(−(t˜p)S)|(t˜p)S/ kerπ ∼= Imπ = ker ι.
So (l′)
(p)
r−q+j is a subbundle of E
′|(t˜p)S for any j with 0 ≤ j ≤ q.
For i 6= p with 1 ≤ i ≤ n, we put (l′)(i)j := l(i)j for 0 ≤ j ≤ r. Then (E′,∇′, {(l′)(i)j }) becomes a member
of MC/T (t˜, r, d − q)(S). We say (E′,∇′, {(l′)(i)j }) the elementary transform of (E,∇, {l(i)j }) along (t˜p)S
by l
(p)
q . Elementary transform induces a morphism
Elm(p)q :MC/T (t˜, r, d) −→MC/T (t˜, r, d− q)(3)
(E,∇, {l(i)j }) 7→ (E′,∇′, {(l′)(i)j })(4)
of functors. For any member (E,∇, {l(i)j }) ∈MC/T (t˜, r, d)(S), we have
Elm
(p)
r−q ◦ Elm(p)q (E,∇, {l(i)j }) = Elm(p)r−q(E′,∇′, {(l′)(i)j })
= (E(−(t˜p)S),∇|E(−(t˜p)S), {l
(i)
j ⊗OCS (−(t˜p)S)})
If we put
bp :MC/T (t˜, r, d− r) ∼−→MC/T (t˜, r, d)(5)
(E,∇, {l(i)j }) 7→ (E ⊗OC(t˜p),∇⊗ idOC(t˜p) + idE ⊗ dOC(t˜p), {l
(i)
j ⊗OC(t˜p)}),(6)
then we have bp ◦ Elm(p)r−q ◦ Elm(p)q = idMC/T (t˜,r,d). We can also check that
Elm(p)q ◦ bp ◦ Elm(p)r−q = bp ◦ Elm(p)q ◦ Elm(p)r−q
= idMC/T (t˜,r,d−q).
Thus Elm(p)q is an isomorphism:
Elm(p)q :MC/T (t˜, r, d) ∼−→MC/T (t˜, r, d− q).
Take any C-valued points x ∈ T (C), λ ∈ Λ(n)r (d)(C). We put
((λ′)
(p)
0 , . . . , (λ
′)
(p)
r−1) = (λ
(p)
q , λ
(p)
q+1, . . . , λ
(p)
r−1, λ
(p)
0 + 1, λ
(p)
1 + 1, . . . , λ
(p)
q−1 + 1)
and (λ′)
(i)
j := λ
(i)
j for i 6= p with 1 ≤ i ≤ n and 0 ≤ j ≤ r− 1. Then λ′ := ((λ′)(i)j ) ∈ Λ(n)r (d− q)(C). For
a member (E,∇, {l(i)j }) ∈ MCx(t˜x,λ)(S), Elm(p)q (E,∇, {l(i)j }) ∈ MCx(t˜x,λ′)(S). So Elm(p)q induces an
isomorphism
(7) Elm(p)q :MCx(t˜x,λ) ∼−→MCx(t˜x,λ′).
Take a point λ ∈ Λ(n)r (d)(C). We can write
r−1∏
j=0
(x− λ(p)j ) =
u∏
k=1
(x− µ(p)k )m
(p)
k ,
where Re(µ
(p)
1 ) ≥ Re(µ(p)2 ) ≥ · · · ≥ Re(µ(p)u ), Im(µ(p)j ) > Im(µ(p)j+1) if Re(µ(p)j ) = Re(µ(p)j+1) and x is
an indeterminate. For any member (E,∇E , {l(i)j }) ∈ MCx(t˜x,λ)(S), we can find j(k)0 , j(k)1 , . . . , j(k)m(p)k for
1 ≤ k ≤ u satisfying 0 ≤ j(k)0 < j(k)1 < · · · < j(k)m(p)k ≤ r such that(
ker
(
res(t˜p)x(∇E)− µ
(p)
k · id
)r
∩ l(p)
j
(k)
m
)/(
ker
(
res(t˜p)x(∇E)− µ
(p)
k · id
)r
∩ l(p)
j
(k)
m+1
)
∼−→ l(p)
j
(k)
m
/l
(p)
j
(k)
m +1
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for m = 0, . . . ,m
(p)
k − 1. Let E|(t˜p)x = (l′)
(p)
0 ⊃ (l′)(p)1 ⊃ · · · ⊃ (l′)(p)r−1 ⊃ (l′)(p)r = 0 be the filtration by
subbundles satisfying rank(l′)
(p)
j /(l
′)
(p)
j+1 = 1 for j = 0, . . . , r − 1 and
(l′)(p)q =
(
ker
(
res(t˜p)x(∇E)− µ
(p)
k · id
)r
∩ l(p)
j
(k)
m
)
+ (l′)
(p)
q+1
for q = 0, . . . , r − 1, where q = r − (m(p)k −m)−
∑
k<k′≤um
(p)
k′ , 1 ≤ k ≤ u and 0 ≤ m < m(p)k . We put
(ν
(p)
0 , . . . , ν
(p)
r−1) := (
m
(p)
1︷ ︸︸ ︷
µ
(p)
1 , . . . , µ
(p)
1 , . . . ,
m
(p)
k︷ ︸︸ ︷
µ
(p)
k , . . . , µ
(p)
k , . . . ,
m(p)u︷ ︸︸ ︷
µ(p)u , . . . , µ
(p)
u ),
ν
(i)
j = λ
(i)
j for i 6= p and ν := (ν(i)j )i,j . Then the correspondence (E,∇E , {l(i)j }) 7→ (E,∇E , {(l′)(i)j })
determines an isomorphism
(8) ap :MCx(t˜x,λ) ∼−→MCx(t˜x,ν)
of functors.
Looking at the change of λ by the transformations Elm
(i)
j and bi, we can easily see the following
proposition, which is useful in considering the Riemann-Hilbert correspondence in section 6.
Proposition 3.1. Composing the isomorphisms ai, bi and Elm
(i)
j for i = 1, . . . , n, j = 1, . . . , r given in
(8), (7) and (5), we obtain an isomorphism
(9) σ :MCx(t˜x,λ) ∼−→MCx(t˜x,µ)
of functors, where 0 ≤ Re(µ(i)j ) < 1 for any i, j.
As a corollary, we obtain the following:
Corollary 3.1. Take λ ∈ Λ(n)r (d) and µ ∈ Λ(n)r (d′) which satisfy rh(λ) = rh(µ) ∈ A(n)r , where rh is the
morphism defined in (1). Then we can obtain by composing ai, a
−1
i , bi, b
−1
i and Elm
(i)
j an isomorphism
σ :MCx(t˜x,λ) ∼−→MCx(t˜x,µ)
of functors.
Proof. Applying Proposition 3.1, we obtain an isomorphism
σ :MCx(t˜x,λ) ∼−→MCx(t˜x,ν)
of functors, where 0 ≤ Re(ν(i)j ) < 1 for any i, j. By composing ai, we may also assume that Re(ν(i)0 ) ≥
Re(ν
(i)
1 ) ≥ · · · ≥ Re(ν(i)r−1) for any i and Im(ν(i)j ) ≥ Im(ν(i)j+1) if Re(ν(i)j ) = Re(ν(i)j+1). Applying Proposition
3.1 again, we have an isomorphism
σ′ :MCx(t˜x,µ) ∼−→MCx(t˜x,ν).
Then
(σ′)−1 ◦ σ :MCx(t˜x,λ) ∼−→MCx(t˜x,µ)
is a desired isomorphism. 
4. Moduli of stable parabolic connections
Before proving Theorem 2.1, we recall the definition of parabolic Λ1D-triple defined in [7]. Let D be
an effective divisor on a curve C. We define Λ1D as OC ⊕ Ω1C(D)∨ with the bimodule structure given by
f(a, v) = (fa, fv) (f, a ∈ OC , v ∈ Ω1C(D)∨)
(a, v)f = (fa+ v(f), fv) (f, a ∈ OC , v ∈ Ω1C(D)∨).
Definition 4.1. We say (E1, E2,Φ, F∗(E1)) a parabolic Λ
1
D-triple on C of rank r and degree d if
(1) E1 and E2 are vector bundles on C of rank r and degree d,
(2) Φ : Λ1D ⊗ E1 → E2 is a left OC -homomorphism,
(3) E1 = F1(E1) ⊃ F2(E1) ⊃ · · · ⊃ Fl(E1) ⊃ Fl+1(E1) = E1(−D) is a filtration by coherent
subsheaves.
MODULI OF PARABOLIC CONNECTIONS ON A CURVE AND RIEMANN-HILBERT CORRESPONDENCE 11
Note that to give a left OC -homomorphism Φ : Λ1D ⊗ E1 → E2 is equivalent to give an OC -
homomorphism φ : E1 → E2 and a morphism ∇ : E1 → E2 ⊗ Ω1C(D) such that ∇(fa) = φ(a) ⊗
df + f∇(a) for f ∈ OC and a ∈ E1. We also denote the parabolic Λ1D-triple (E1, E2,Φ, F∗(E1)) by
(E1, E2, φ,∇, F∗(E1)).
We take positive integers β1, β2, γ and rational numbers 0 < α
′
1 < · · · < α′l < 1. We assume γ ≫ 0.
Definition 4.2. A parabolic Λ1D-triple (E1, E2,Φ, F∗(E1)) is (α,β, γ)-stable (resp. (α,β, γ)-semistable)
if for any subbundles (F1, F2) ⊂ (E1, E2) satisfying (0, 0) 6= (F1, F2) 6= (E1, E2) and Φ(Λ1D(t) ⊗F1) ⊂ F2,
the inequality
β1 degF1(−D) + β2(degF2 − γ rankF2) + β1
∑l
j=1 α
′
j length((Fj(E1) ∩ F1)/(Fj+1(E1) ∩ F1))
β1 rankF1 + β2 rankF2
<
(resp. ≤)
β1 degE1(−D) + β2(degE2 − γ rankE2) + β1
∑l
j=1 α
′
j length(Fj(E1)/Fj+1(E1))
β1 rankE1 + β2 rankE2
holds.
Theorem 4.1. ([7], Theorem 7.1) Let S be an algebraic scheme over C, C be a flat family of smooth pro-
jective curves of genus g and D be an effective Cartier divisor on C flat over S. Then there exists a coarse
moduli scheme MD,α
′,β,γ
C/S (r, d, {di}1≤i≤nr) of (α′,β, γ)-stable parabolic Λ1D-triples (E1, E2,Φ, F∗(E1)) on
C over S such that r = rankE1 = rankE2, d = degE1 = degE2 and di = length(E1/Fi+1(E1)). If α′ is
generic, it is projective over S.
Definition 4.3. We denote the pull-back of C and t˜ by the morphism T × Λ(n)r (d) → T by the same
characters C and t˜ = (t˜1, . . . , t˜n). Then D(t˜) := t˜1+ · · ·+ t˜n becomes an effective Cartier divisor on C flat
over T ×Λ(n)r (d). We also denote by λ˜ the pull-back of the universal family on Λ(n)r (d) by the morphism
T × Λ(n)r (d) → Λ(n)r (d). We define a functor MαC/T (t˜, r, d) of the category of locally noetherian schemes
to the category of sets by
MαC/T (t˜, r, d)(S) :=
{
(E,∇, {l(i)j })
}
/ ∼,
for a locally noetherian scheme S over T × Λ(n)r (d), where
(1) E is a vector bundle on CS of rank r,
(2) ∇ : E → E ⊗ Ω1CS/S(D(t˜)S) is a relative connection,
(3) E|(t˜i)S = l
(i)
0 ⊃ l(i)1 ⊃ · · · ⊃ l(i)r−1 ⊃ l(i)r = 0 is a filtration by subbundles such that (res(t˜i)S (∇) −
(λ˜
(i)
j )S)(l
(i)
j ) ⊂ l(i)j+1 for 0 ≤ j ≤ r − 1, i = 1, . . . , n,
(4) for any geometric point s ∈ S, dim(l(i)j /l(i)j+1) ⊗ k(s) = 1 for any i, j and (E,∇, {l(i)j }) ⊗ k(s) is
α-stable.
Here (E,∇, {l(i)j }) ∼ (E′,∇′, {l′(i)j }) if there exist a line bundle L on S and an isomorphism σ : E ∼→ E′⊗L
such that σ|ti(l(i)j ) = l′(i)j ⊗ L for any i, j and the diagram
E
∇−−−−→ E ⊗ Ω1C/T (D(t˜))
σ
y σ⊗idy
E′ ⊗ L ∇
′⊗L−−−−→ E′ ⊗ Ω1C/T (D(t˜))⊗ L
commutes.
Proof of Theorem 2.1. Fix a weight α which determines the stability of parabolic connections. We take
positive integers β1, β2, γ and rational numbers 0 < α˜
(i)
1 < α˜
(i)
2 < · · · < α˜(i)r < 1 satisfying (β1+β2)α(i)j =
β1α˜
(i)
j for any i, j. We assume γ ≫ 0. We can take an increasing sequence 0 < α′1 < · · · < α′nr < 1 such
that {α′i|1 ≤ i ≤ nr} =
{
α˜
(i)
j
∣∣∣ 1 ≤ i ≤ n, 1 ≤ j ≤ r}. Take any member (E,∇, {l(i)j }) ∈MαC/T (t˜, r, d)(S).
For each 1 ≤ p ≤ rn, exist i, j satisfying α˜(i)j = α′p. We put F1(E) := E and define inductively
Fp+1(E) := ker(Fp(E) → E|(t˜i)S/l
(i)
j ) for p = 1, . . . , rn. We also put dp := length((E/Fp+1(E)) ⊗ k(s))
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for p = 1, . . . , rn and s ∈ S. Then (E,∇, {l(i)j }) 7→ (E,E, idE ,∇, F∗(E)) determines a morphism
ι :MαC/T (t˜, r, d)→MD(t˜),α
′,β,γ
C/T×Λ
(n)
r (d)
(r, d, {di}1≤i≤nr),
where MD(t˜),α′,β,γC/T (r, d, {di}1≤i≤nr) is the moduli functor of (α′,β, γ)-stable parabolic Λ1D(t˜)-triples
whose coarse moduli scheme exists by Theorem 4.1. Note that a parabolic connection (E,∇, {l(i)j })
is α-stable if and only if the corresponding parabolic Λ1D(t)-triple (E,E, id,∇, F∗(E)) is (α′,β, γ)-stable
since γ ≫ 0. We can see that ι is representable by an immersion. So we can prove in the same way as [[7]
Theorem 2.1] that a certain subscheme MαC/T (t˜, r, d) of M
D(t),α′,β,γ
C (r, d, {di}1≤i≤nr) is just the coarse
moduli scheme of MαC/T (t˜, r, d).
Applying a certain elementary transformation, we obtain an isomorphism
σ :MC/T (t˜, r, d) ∼−→MC/T (t˜, r, d′)
of functors, where d′ and r are coprime. Then σ(MαC/T (t˜, r, d)) can be considered as the moduli scheme
of parabolic connections of rank r and degree d′ satisfying a certain stability condition. We can take a
vector space V such that there exists a surjection V ⊗OCs(−m)→ E such that V ⊗ k(s)→ H0(E(m)) is
isomorphic and hi(E(m)) = 0 for i > 0 for any member (E,∇, {l(i)j }) ∈ σ(MαC/T (t˜, r, d)) over s ∈ T . We
put P (n) := χ(E(n)). Let E be the universal family on C ×
T×Λ
(n)
r (d)
QuotP
V⊗OC(−m)/C/T×Λ
(n)
r (d)
. Then
we can construct a scheme R over QuotP
V⊗OC(−m)/C/T×Λ
(n)
r (d)
which parametrizes connections ∇ : Es →
Es ⊗ Ω1Cs(D(t˜s)) and parabolic structures Es|(t˜i)s = l
(i)
0 ⊃ · · · ⊃ l(i)r−1 ⊃ l(i)r = 0 such that (res(t˜i)s(∇) −
(λ˜
(i)
j )s)(l
(i)
j ) ⊂ l(i)j+1 for any i, j. Then PGL(V ) canonically acts on R and for some open subscheme Rs
of R, there is a canonical morphism Rs → σ(MαC/T (t˜, r, d)) which becomes a principal PGL(V )-bundle.
So we can prove in the same manner as [[6], Theorem 4.6.5] that for a certain line bundle L on Rs, E ⊗L
descends to a vector bundle on C ×
T×Λ
(n)
r (d)
σ(MαC/T (t˜, r, d)), since r and d
′ are coprime. We can easily
see that the universal families ∇˜, {l˜(i)j } of connections and parabolic structures on E ⊗ L also descend.
So we obtain a universal family for the moduli space σ(MαC/T (t˜, r, d)) and M
α
C/T (t˜, r, d) in fact becomes
a fine moduli scheme.
Let (E˜, ∇˜, {l˜(i)j }) be a universal family on C ×T MαC/T (t˜, r, d). We define a complex F• by
F0 :=
{
s ∈ End(E˜)
∣∣∣s|t˜i×MαC/T (t˜,r,d)(l˜(i)j ) ⊂ l˜(i)j for any i, j
}
F1 :=
{
s ∈ End(E˜)⊗ Ω1C/T (D(t˜))
∣∣∣rest˜i×MαC/T (t˜,r,d)(s)(l˜(i)j ) ⊂ l˜(i)j+1 for any i, j
}
∇F• : F0 −→ F1; ∇F•(s) = ∇˜ ◦ s− s ◦ ∇˜.
Let (A,m) be an artinian local ring over T × Λ(n)r (d), I an ideal of A satisfying mI = 0. Take any
member (E,∇, {l(i)j }) ∈MαC/T (t˜, r, d)(A/I). We denote the image of SpecA/m→MαC/T (t˜, r, d) by x. The
structure morphism SpecA→ T×Λ(n)r (d) corresponds to an A-valued point (t,λ) ∈ T (A)×
(
Λ
(n)
r (d)
)
(A).
Let C × SpecA = ⋃α Uα be an affine open covering such that E|Uα⊗A/I ∼= O⊕rUα⊗A/I , ♯{i|ti ∈ Uα} ≤ 1
for any α and ♯{α|ti ∈ Uα} ≤ 1 for any i. We can obviously take a vector bundle Eα on Uα such
that there is an isomorphism Eα ⊗ A/I φα−−→
∼
E|Uα⊗A/I . If ti ∈ Uα, we take a basis e1, e2, . . . , er of Eα
such that l
(i)
r−1 = 〈e1|ti⊗A/I〉, l(i)r−2 = 〈e1|ti⊗A/I , e2|ti⊗A/I〉, . . . , l(i)1 = 〈e1|ti⊗A/I , . . . , er−1|ti⊗A/I〉. The
connection matrix of ∇|E|Uα⊗A/I with respect to the basis e1 ⊗ A/I, . . . , er ⊗ A/I can be given by a
matrix Ωα ∈Mr(Ω1CA/I/(A/I)((ti)A/I)|Uα⊗A/I) such that
Ωα|ti⊗A/I =


λ
(i)
r−1 ⊗A/I ω12 · · · ω1r
0 λ
(i)
r−2 ⊗A/I · · · ω2r
...
...
. . .
...
0 0 · · · λ(i)0 ⊗A/I

 .
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We can take a lift Ω˜α ∈Mr(Ω1CA/A(ti)|Uα) of Ωα such that
Ω˜α|ti :=


λ
(i)
r−1 ω˜12 · · · ω˜1r
0 λ
(i)
r−2 · · · ω˜2r
...
...
. . .
...
0 0 · · · λ(i)0

 ,
which induces a connection ∇α : Eα → Eα⊗Ω1CA/A((t1+ t2+ · · ·+ tn)A). We define a parabolic structure
{(lα)(i)j } on Eα by (lα)(i)r−1 := 〈e1|ti〉, (lα)(i)r−2 := 〈e1|ti , e2|ti〉, . . . , (lα)(i)1 := 〈e1|ti , . . . , er−1|ti〉. Then
(Eα,∇α, {(lα)(i)j }) become a lift (E,∇, {l(i)j })|Uα . If ti /∈ Uα we can easily take a lift (Eα,∇α, {(lα)(i)j }) of
(E,∇, {l(i)j })|Uα . We put Uαβ := Uα ∩Uβ and Uαβγ := Uα ∩Uβ ∩Uγ . Take a lift θβα : Eα|Uαβ ∼→ Eβ |Uαβ
of the canonical isomorphism Eα|Uαβ ⊗A/I
φα−−→
∼
E|Uαβ⊗A/I
φ−1
β−−→
∼
Eβ |Uαβ ⊗A/I. We put
uαβγ : = φα|Uαβγ ◦
(
θ−1γα |Uαβγ ◦ θγβ|Uαβγ ◦ θβα|Uαβγ − idEα|Uαβγ
)
◦ φ−1α |Uαβγ ,
vαβ : = φα ◦
(
∇α|Uαβ − θ−1βα ◦ ∇β ◦ θβα
)
◦ φ−1α |Uαβγ .
Then we have {uαβγ} ∈ C2({Uα},F0 ⊗ I) and {vαβ} ∈ C1({Uα},F1 ⊗ I). We can easily see that
d{vαβ} = −∇F•{uαβγ} and d{uαβγ} = 0.
So we can define an element
ω(E,∇, {l(i)j }) := [({uαβγ}, {vαβ})] ∈ Hˇ2({Uα},F• ⊗ I) = H2(F• ⊗ k(x))⊗ I.
We can easily see that (E,∇, {l(i)j }) can be lifted to an A-valued point of MαC/T (t˜, r, d) if and only if
ω(E,∇, {l(i)j }) = 0 in the hypercohomology H2(F• ⊗ k(x))⊗ I.
Consider the homomorphism
Tr : H2(F• ⊗ k(x))⊗ I −→ H2(Ω•Cx)⊗ I
[{u′αβγ}, {v′αβ}] 7→ [{Tr(u′αβγ)}, {Tr(v′αβ)}],
Then we can see that Tr(ω(E,∇, {l(i)j })) is just the obstruction class for lifting (detE,∧r∇) to a pair of a
line bundle and a connection with the fixed residue det(λ˜A) over A. Here det(λ˜A) = (
∑r−1
j=0(λ˜
(i)
j )A)
1≤i≤n.
Since PicdC/T is smooth over T , there is a line bundle L on CA such that L ⊗ A/I ∼= det(E). We can
construct a connection ∇˜0 : L→ L⊗Ω1CA/A(t˜1+· · ·+t˜n) becauseH1(End(L)⊗Ω1CA/A((t˜1+· · ·+t˜n)A)) = 0.
We can find a member u ∈ H0(End(L)⊗Ω1CA/A((t˜1 + · · ·+ t˜n)A)) such that u⊗A/I = ∇˜0 ⊗A/I −∧r∇.
Then (L, ∇˜0 − u) becomes a lift of (det(E),∧r∇). If we put µ(i) := rest˜i⊗A(∇˜0 − u) −
∑
j(λ˜
(i)
j )A, then
we have µ(i) ∈ I for any i and ∑ni=1 µ(i) = 0. Note that there is an exact sequence
H0(I ⊗ End(L)⊗ Ω1CA/A((t˜1 + · · ·+ t˜n)A) −→
n⊕
i=1
I ⊗ End(L)⊗ Ω1CA/A((t˜1 + · · ·+ t˜n)A)|(t˜i)A ∼=
n⊕
i=1
I
f−→ I ∼= H1(I ⊗ End(L)⊗ Ω1CA/A) −→ 0,
where f is given by f((νi)1≤i≤n) =
∑n
i=1 νi. Then we can find an element ω ∈ I⊗H0(End(L)⊗Ω1CA/A((t˜1+
· · · + t˜n)A)) such that rest˜i⊗A(ω) = µ(i) for any i. Then (L, ∇˜0 − u − ω) is a lift of (det(E),∧r∇)
with the residue (det(λ˜)A). Thus we have Tr(ω(E,∇, {l(i)j })) = 0. Since (F1)∨ ⊗ Ω1CA/A ∼= F0 and
(F0)∨ ⊗ Ω1CA/A ∼= F1, we have
H2(F• ⊗ k(x)) ∼= coker
(
H1(F0 ⊗ k(x))→ H1(F1 ⊗ k(x)))
∼= ker
(
H0((F1)∨ ⊗ Ω1C/T ⊗ k(x))→ H0((F0)∨ ⊗ Ω1C/T ⊗ k(x))
)∨
∼= ker (H0(F0 ⊗ k(x))→ H0(F1 ⊗ k(x)))∨ .
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and a commutative diagram
H2(F• ⊗ k(x)) Tr−−−−→ H2(Ω•Cx)y∼= y∼=
ker
(
H0(F0 ⊗ k(x)) ∇F•−→ H0(F1 ⊗ k(x))
)∨
ι∨−−−−→ ker
(
H0(OCx) d→ H0(Ω1Cx)
)∨
.
We can see by the stability that the endomorphisms of (E˜, ∇˜, {l˜(i)j })⊗ k(x) are scalar multiplications. So
we have ker
(
H0(F0 ⊗ k(x))→ H0(F1 ⊗ k(x))) = k(x) and the canonical inclusion
ι : ker
(
H0(OCx) d→ H0(Ω1Cx)
)
−→ ker
(
H0(F0 ⊗ k(x)) ∇F•−→ H0(F1 ⊗ k(x))
)
is an isomorphism. Hence Tr is an isomorphism and ω(E,∇, {l(i)j }) = 0 because Tr(ω(E,∇, {l(i)j })) = 0.
So we have proved that MαC/T (t˜, r, d) is smooth over T × Λ(n)r (d).
Take an affine open set M ⊂MαC/T (t˜, r, d) and an affine open covering CM =
⋃
α Uα such that E˜|Uα ∼=
O⊕rUα for any α, ♯{i| ti|M ∩ Uα 6= ∅} ≤ 1 for any α and ♯{α| ti|M ∩ Uα 6= ∅} ≤ 1 for any i. Take a relative
tangent vector field v ∈ Θ
Mα
C/T
(t˜,r,d)/T×Λ
(n)
r (d)
(M). v corresponds to a member (Eǫ,∇ǫ, {(lǫ)(i)j }) ∈
MαC/T (t˜, r, d)(SpecOM [ǫ]) such that (Eǫ,∇ǫ, {(lǫ)(i)j }) ⊗ OM [ǫ]/(ǫ) ∼= (E˜, ∇˜, {l˜(i)j })|CM , where OM [ǫ] =
OM [t]/(t2). There is an isomorphism
ϕα : Eǫ|Uα×SpecOM [ǫ] ∼→ O⊕rUα×SpecOM [ǫ]
∼→ E˜|Uα ⊗OM [ǫ]
such that ϕα⊗OM [ǫ]/(ǫ) : Eǫ⊗OM [ǫ]/(ǫ)|Uα ∼→ E˜|Uα ⊗OM [ǫ]/(ǫ) = E˜|Uα is the given isomorphism and
that ϕα|ti⊗OM [ǫ]((lǫ)(i)j ) = l˜(i)j |Uα×SpecOM [ǫ] if ti|M ∩ Uα 6= ∅. We put
uαβ := ϕα ◦ ϕ−1β − idE˜|Uαβ⊗OM [ǫ] , vα := (ϕα ⊗ id) ◦ ∇ǫ|Uα⊗OM [ǫ] ◦ ϕ
−1
α − ∇˜|Uα⊗OM [ǫ].
Then {uαβ} ∈ C1((ǫ)⊗F0M ), {vα} ∈ C0((ǫ)⊗F1M ) and
d{uαβ} = {uβγ − uαγ + uαβ} = 0, ∇F•{uαβ} = {vβ − vα} = d{vα}.
So [({uαβ}, {vα})] determines an element σM (v) of H1(F•M ). We can check that v 7→ σ(v) determines an
isomorphism
σM : ΘMα
C/T
(t˜,r,d)/T×Λ
(n)
r (d)
(M)
∼−→ H1(F•M ).
These isomorphisms σM induce a canonical isomorphism
σ : Θ
Mα
C/T
(t˜,r,d)/T×Λ
(n)
r (d)
∼−→ R1(π
T×Λ
(n)
r (d)
)∗(F•),
where π
T×Λ
(n)
r (d)
: C → T × Λ(n)r (d) is the projection. From the hypercohomology spectral sequence
Hq(Fp ⊗ k(x))⇒ Hp+q(F• ⊗ k(x)), we obtain an exact sequence
0→ k(x)→ H0(F0(x))→ H0(F1(x))→ H1(F•(x))→ H1(F0(x))→ H1(F1(x))→ k(x)→ 0
for any x ∈ MαC/T (t˜, r, d). Here we denote F0 ⊗ k(x) by F0(x) and so on. So we have dimH1(F•(x)) =
−2χ(F0(x))+ 2, because H0(F1(x)) ∼= H1(F0(x))∨ and H1(F1(x)) ∼= H0(F0(x))∨. We define E1 by the
exact sequence
0 −→ E1 −→ End(E˜(x)) −→
n⊕
i=1
Hom
(
l˜
(i)
1 (x),
(
l˜
(i)
0 /l˜
(i)
1
)
(x)
)
−→ 0.
Inductively we define Ek by the exact sequence
0 −→ Ek −→ Ek−1 −→
n⊕
i=1
Hom
(
l˜
(i)
k (x),
(
l˜
(i)
k−1/l˜
(i)
k
)
(x)
)
−→ 0.
Then we have Er−1 = F0(x). So we have
χ(F0(x)) = χ(End(E˜(x))) − nr(r − 1)/2 = r2(1− g)− nr(r − 1)/2.
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Thus we can see that every fiber of MαC/T (t˜, r, d) over T × Λ(n)r (d) is equidimensional and its dimension
is 2r2(g − 1) + nr(r − 1) + 2 if it is non-empty. 
Proposition 4.1. Let (E,∇E , {l(i)j }) ∈MC/T (t˜, r, d)(S) be a flat family of parabolic connections over a
noetherian scheme S over C. Then the subset
Us := {s ∈ S|(E,∇E , {l(i)j })⊗ k(s) is α-stable}
is a Zariski open subset of S. Take a flat family (E,∇E , {l(i)j }) ∈ MC(t,λ)(S) of (t,λ)-parabolic con-
nections over a noetherian scheme S over C. Then
U irr := {s ∈ S|(E,∇E , {l(i)j })⊗ k(s) is irreducible}
is a Zariski open subset of S. Note that a parabolic connection (E,∇E , {l(i)j }) is reducible if there is a
subbundle 0 6= F ( E such that ∇E(F ) ⊂ F ⊗ Ω1C(t1 + . . .+ tn). A parabolic connection (E,∇E , {l(i)j })
is irreducible if it is not reducible.
Proof. Take (E,∇E , {l(i)j }) ∈ M(t˜, r, d)(S). As in the proof of Theorem 2.1, (E,E, id,∇, F∗(E)) deter-
mines a member of MD(t˜)
C/T×Λ
(n)
r (d)
(r, d, {1}1≤i≤nr)(S), where MD(t˜)
C/T×Λ
(n)
r (d)
(r, d, {1}1≤i≤nr) is the moduli
functor of parabolic Λ1
D(t˜)/T
-triples without stability condition. By [[7], Proposition 5.3],
Ss = {s ∈ S|(E,E, id,∇, F∗(E))⊗ k(s) is (α′, β, γ)-stable}
is a Zariski open subset of S. As in the proof of Theorem 2.1, (E,∇, {l(i)j })⊗ k(s) is α-stable if and only
if the corresponding parabolic Λ1
D(t˜)s
-triple is (α′, β, γ)-stable. So we have Ss = Us.
Next take a flat family (E,∇E , {l(i)j }) ∈ MC(t,λ)(S) of (t,λ)-parabolic connections. Take any sub-
bundle F ⊂ E ⊗ k(s) such that (∇E ⊗ k(s))(F ) ⊂ F ⊗ Ω1C(t1 + · · · + tn). We have a commutative
diagram
F |ti
resti
(∇F )−−−−−−→ F |tiy y
E|ti ⊗ k(s)
resti
(∇E⊗k(s))−−−−−−−−−−→ E|ti ⊗ k(s).
Then we can see that the eigenvalues {µ(i)j } of resti(∇F ) are eigenvalues of resti(∇E ⊗ k(s)). So the set
P :=
{
(rank(F ), deg(F ))
∣∣∣∣ F is a non-zero proper subbundle of E ⊗ k(s) such that(∇E ⊗ k(s))(F ) ⊂ F ⊗ Ω1C(t1 + · · ·+ tn)
}
is finite, because deg(F ) = −∑i,j µ(i)j . For (r′, d′) ∈ P , put P(r′,d′)(m) = r′(m − g + 1) + d′ which
is a polynomial in m. Then consider the Quot-scheme Q(r′,d′) := Quot
χ(E(m)⊗k(s))−P(r′ ,d′)(m)
E/C/C and let
F (r′,d′) ⊂ EQ(r′,d′) be the universal subsheaf. Let Y(r′,d′) be the maximal closed subscheme of Q(r′,d′)
such that the composite
F (r′,d′)Y(r′,d′) →֒ EY(r′,d′)
(∇E)Y
(r′,d′)−−−−−−−−→ EY(r′ ,d′) ⊗ Ω1C(t1 + · · ·+ tn) −→ (EY(r′,d′)/F (r
′,d′)
Y(r′,d′)
)⊗ Ω1C(t1 + · · ·+ tn)
is zero. Since the structure morphism f(r′,d′) : Y(r′,d′) → S is proper,
U irr = S \
⋃
(r′,d′)∈P
f(r′,d′)(Y(r′,d′))
is a Zariski open subset of S. 
Proposition 4.2. The set
RPr(C, t)
irr = {[ρ] ∈ RPr(C, t)|ρ is an irreducible representation}
is a Zariski open subset of RPr(C, t).
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Proof. Note that for the quotient morphism
p : Hom(π1(C \ {t1, . . . , tn}, ∗), GLr(C)) −→ RPr(C, t),
Z ⊂ RPr(C, t) is a Zariski closed subset if and only if p−1(Z) is a Zariski closed subset of Hom(π1(C \
{t1, . . . , tn}, ∗), GLr(C)). There is a universal representation ρ˜ given by
ρ˜(αi) : O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C))
∼−→ O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C))
ρ˜(βi) : O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C))
∼−→ O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C))
ρ˜(γj) : O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C))
∼−→ O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C))
for i = 1, . . . , g and i = 1, . . . , n. For 0 < r′ < r, consider the Grassmann variety
Grassr′(O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C)))
and let V ⊂ Grassr′(O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C))) be the universal subbundle. Let Yr′ be the maximal
closed subscheme of Grassr′(O⊕rHom(π1(C\{t1,...,tn},∗),GLr(C))) such that
ρ˜(αi)Yr′ (VYr′ ) ⊂ VYr′
ρ˜(βi)Yr′ (VYr′ ) ⊂ VYr′
ρ˜(γj)Yr′ (VYr′ ) ⊂ VYr′
for i = 1, . . . , g and j = 1, . . . , n. Since the structure morphism
fr′ : Yr′ → Hom(π1(C \ {t1, . . . , tn}, ∗), GLr(C))
is a proper morphism,
⋃
r′ fr′(Yr′) is a Zariski closed subset of Hom(π1(C\{t1, . . . , tn}, ∗), GLr(C)) which
is preserved by the adjoint action of PGLr(C) on Hom(π1(C\{t1, . . . , tn}, ∗), GLr(C)). So p(
⋃
r′ fr′(Yr′))
is a Zariski closed subset of RPr(C, t). Thus
{[ρ] ∈ RPr(C, t)|ρ is an irreducible representation} = RPr(C, t) \ p(
⋃
r′
fr′(Yr′))
is a Zariski open subset of RPr(C, t). 
Remark 4.1. Assume that n ≥ 3 if g = 0 and n ≥ 1 if g ≥ 1. Then RPr(C, t)irr is non-empty
Proof. Note that the fundamental group π1(C\{t1, . . . , tn}) is a free group generated by α1, β1, . . . , αg, βg,
γ1, . . . , γn−1. If g ≥ 1, consider the GLr(C)-representation ρ of π1(C \ {t1, . . . , tn}) given by
ρ(α1) =


λ 1 0 0 · · · 0
0 λ 1 0 · · · 0
...
...
...
...
. . .
...
0 0 0 0 · · · 1
0 0 0 0 · · · λ

 , ρ(β1) =


µ 0 0 0 · · · 0
1 µ 0 0 · · · 0
0 1 µ 0 · · · 0
...
...
...
...
. . .
...
0 0 0 0 · · · 0
0 0 0 0 · · · µ


ρ(α2), ρ(β2) . . . , ρ(αg), ρ(βg), ρ(γ1), . . . , ρ(γn−1) are arbitrary matrix.
Then we can see that ρ is an irreducible representation. If g = 0, then consider the GLr(C)-representation
ρ given by
ρ(γ1) =


λ 1 0 0 · · · 0
0 λ 1 0 · · · 0
...
...
...
...
. . .
...
0 0 0 0 · · · 1
0 0 0 0 · · · λ

 , ρ(γ2) =


µ 0 0 0 · · · 0
1 µ 0 0 · · · 0
0 1 µ 0 · · · 0
...
...
...
...
. . .
...
0 0 0 0 · · · 0
0 0 0 0 · · · µ


ρ(γ3), . . . , ρ(γn−1) are arbitrary matrix.
Then we can see that ρ is an irreducible representation. 
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5. Irreducibility of the moduli space
In this section we will prove the irreducibility of MαCx(t˜x,λ), which is the fiber of M
α
C/T (t˜, r, d) over
(x,λ) ∈ T × Λ(n)r (d). We simply denote Cx by C, t˜x by t = (t1, . . . , tn) and t1 + · · ·+ tn by D(t). First
consider the morphism
det :MαC (t,λ) −→MC(t, det(λ))(10)
(E,∇, {l(i)j }) 7→ (detE, det(∇)),
where det(∇) is the logarithmic connection on detE induced by ∇ and det(λ) = (∑r−1j=0 λ(i)j )1≤i≤n ∈
Λ
(n)
1 (d). Note that a line bundle with a connection is always stable. We can also constructMC(t, det(λ))
as an affine space bundle over PicdC whose fiber is of dimension
h0(End(detE)⊗ Ω1C) = h0(Ω1C) = g.
Thus MC(t, det(λ)) is a smooth irreducible variety of dimension 2g.
We can prove the smoothness of the morphism (10). Indeed let A be an artinian local ring over
MC(t, det(λ)) with maximal ideal m, I an ideal of A satisfying mI = 0 and take any A/I-valued point
(E,∇, {l(i)j }) of MαC (t,λ) overMC(t, det(λ)). Let (L,∇L) be the line bundle with a connection on (C, t)
which corresponds to the morphism SpecA→MC(t, det(λ)). We write (E¯, ∇¯, {l¯(i)j }) := (E,∇, {l(i)j })⊗
A/m and put
F00 :=
{
s ∈ End(E¯)
∣∣∣Tr(s) = 0 and s(ti)(l¯(i)j ) ⊂ l¯(i)j for any i, j}
F10 :=
{
s ∈ End(E¯)⊗ Ω1X(D(t))
∣∣∣Tr(s) = 0 and s(ti)(l¯(i)j ) ⊂ l¯(i)j+1 for any i, j}
We define a complex F•0 by
∇F•0 : F00 ∋ s 7→ ∇¯ ◦ s− s ◦ ∇¯ ∈ F10 .
Then the obstruction class for the lifting of (E,∇, {l(i)j }) to an A-valued point (E˜, ∇˜, {l˜(i)j }) of MαC (t,λ)
with (det(E), det(∇)) ∼= (L,∇L) lies in H2(F•0 )⊗I. We can see by the same way as the proof of Theorem
2.1 that
H2(F•0 ) ∼=
(
ker(H0(F00 )→ H0(F10 ))
)∨
and we can see by the stability of (E¯, ∇¯, {l¯(i)j }) that ker(H0(F00 ) → H0(F10 )) = 0. Hence the morphism
det in (10) is smooth.
From the above argument, it is sufficient to prove the irreducibility of the fibers of the morphism (10)
det :MαC (t,λ)→MC(t, det(λ)) in order to obtain the irreducibility of MαC (t,λ). So we fix a line bundle
L on C and a connection
∇L : L −→ L⊗ Ω1C(t1 + · · ·+ tn).
We set
MαC (t,λ, L) :=
{
(E,∇, {l(i)j }) ∈MαC (t,λ)
∣∣∣ (detE, det(∇)) ∼= (L,∇L)} .
Then we can see that MαC (t,λ, L) is smooth of equidimension (r − 1)(2(r + 1)(g − 1) + rn).
Proposition 5.1. Assume that g ≥ 2 and n ≥ 1. Then MαC (t,λ, L) is an irreducible variety of dimension
(r − 1)(2(r + 1)(g − 1) + rn).
Proof. By taking elementary transform, we can obtain an isomorphism
σ :MC(t,λ, L) ∼−→MC(t,λ′, L′),
with r and detL′ coprime. Consider the open subscheme
N :=
{
(E,∇, {l(i)j }) ∈MαC (t,λ, L)
∣∣∣σ(E) is a stable vector bundle}
of MαC (t,λ, L).
Step 1. We will see that N is irreducible.
Let MC(r, L
′) be the moduli space of stable vector bundles of rank r with the determinant L′. As is
well-known,MC(r, L
′) is a smooth irreducible variety and there is a universal bundle E on C×MC(r, L′).
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Note that there is a line bundle L on MC(r, L′) such that det(E) ∼= L ⊗ L. We can parameterize the
parabolic structures on Es (s ∈MC(r, L′)) by a product of flag schemes
U :=
n∏
i=1
Flag(E|ti×MC(r,L′)),
which is obviously smooth and irreducible. Let {l˜(i)j } be the universal family over U , where
EU |ti×U = l˜(i)0 ⊃ l˜(i)1 ⊃ · · · ⊃ l˜(i)r−1 ⊃ l˜(i)r = 0
is the filtration by subbundles for i = 1, . . . , n such that dim(l˜
(i)
j )s/(l˜
(i)
j+1)s = 1 for any i, j and s ∈ U .
Consider the functor ConnU : (Sch/U)→ (Sets) defined by
ConnU (S) =

∇ : ES → ES ⊗ Ω1C(D(t))
∣∣∣∣∣∣
∇ is a relative connection satisfying
(resti×S(∇)− λ(i)j )(l˜(i)j )S ⊂ (l˜(i)j+1)S for any i, j
and det(∇) = (∇L)S ⊗ LS

 .
We can define a morphism of functors
ConnU −→ QuotΛ1
D(t)
⊗E/C×U/U
∇ 7→
[
Λ1D(t) ⊗ EU ∋ (a, v)⊗ e 7→ ae+∇v(e) ∈ EU
]
,
which is representable by an immersion. So there is a locally closed subscheme Y of QuotΛ1
D(t)
⊗E/C×U/U
which represents the functor ConnU . We will show that Y is smooth over U . So let ∇˜ : EY → EY ⊗
Ω1C(D(t)) be the universal connection and put
F00 :=
{
s ∈ End(E)
∣∣∣Tr(s) = 0 and s|ti×Y ((l˜(i)j )Y ) ⊂ (l˜(i)j )Y for any i, j}
F10 :=
{
s ∈ End(E)⊗ Ω1C(D(t))
∣∣∣Tr(s) = 0 and resti×Y (s)((l˜(i)j )Y ) ⊂ (l˜(i)j+1)Y for any i, j}
∇F•0 : F00 ∋ s 7→ ∇˜ ◦ s− s ◦ ∇˜ ∈ F10 .
Let A be an aritinian local ring over U with maximal ideal m and I an ideal of A satisfying mI = 0. Take
any A/I-valued point x of Y over U . We put x¯ := x⊗A/m. Then the obstruction class for the lifting of x
to an A-valued point of Y lies in H1(F10⊗k(x¯))⊗I. We can see that H1(F10⊗k(x¯)) ∼= H0(F00⊗k(x¯))∨ = 0
because E ⊗ k(x¯) is a stable bundle. Thus Y is smooth over U . We can see that the fiber Ys of any point
s ∈ U is isomorphic to the affine space isomorphic to H0(F10 ⊗ k(s)). So Y is irreducible. Consider the
open subscheme
Y ′ :=
{
x ∈ Y
∣∣∣σ−1(Ex, ∇˜ ⊗ k(x), {(l˜(i)j )x}) is α-stable}
of Y . Then we obtain a morphism Y ′ →MαC (t,λ, L) whose image is just N . Thus N is irreducible.
Step 2. dim(MαC (t,λ, L) \N) < dimMαC (t,λ, L) = (r − 1)(2(r + 1)(g − 1) + rn).
For the proof of Step 2, it is sufficient to show that there is an algebraic scheme B˜ with dim B˜ <
(r−1)(2(r+1)(g−1)+rn) and a surjection B˜ → σ(MαC (t,λ, L)\N). Take any member (E,∇E , {l(i)j }) ∈
σ(MαC (t,λ, L) \N). Let
0 = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Es = E
be the Harder-Narasimhan filtration of E. Note that s > 1 because r and degE = degL′ are coprime.
Put E¯k := Ek/Ek−1 for k = 1, . . . , s. For each E¯k, there is a Jordan-Ho¨lder filtration
0 = E
(0)
k ⊂ E(1)k ⊂ E(2)k ⊂ · · · ⊂ E(mk)k = E¯k.
We put E¯
(i)
k := E
(i)
k /E
(i−1)
k for i = 1, . . . ,mk. Put r
(j)
k = rank E¯
(j)
k and d
(j)
k = deg E¯
(j)
k . We can
parameterize each E¯
(j)
k by the moduli space M(r
(j)
k , d
(j)
k ) of stable bundles of rank r
(j)
k and degree d
(j)
k
whose dimension is dimExt1(E¯
(j)
k , E¯
(j)
k ). Replacing M(r
(j)
k , d
(j)
k ) by an e´tale covering, we may assume
that there is a universal bundle E¯(j)k on C ×M(r(j)k , d(j)k ). If we put
X :=

(x(j)k ) ∈ ∏
1≤k≤s,1≤j≤mk
M(r
(j)
k , d
(j)
k )
∣∣∣∣∣∣
⊗
j,k
det
(
E¯(j)k
)
x
(j)
k
∼= L

 ,
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then X is smooth of dimension −g+∑sk=1∑mkj=1 dimExt1(E¯(j)k , E¯(j)k ). Replacing X by its stratification,
we may assume that the relative Ext-sheaf Ext1C×X/X(E¯(2)k , E¯(1)k ) becomes locally free. We put W˜ (2)k := X
and E(2)k := E¯(1)k ⊕ E¯(2)k if the extension
0 −→ E¯(1)k −→ E(2)k −→ E¯(2)k −→ 0
splits. Otherwise we put
W˜
(2)
k := P∗
(
Ext1C×X/X(E¯(2)k , E¯(1)k )
)
and take a universal extension
0 −→ (E¯(1)k )W˜ (2)k ⊗ L
(2)
k −→ E(2)k −→ (E¯(2)k )W˜ (2)k −→ 0
for some line bundle L(2)k on W˜ (2)k . We define W˜ (j)k and E(j)k inductively on j as follows: Replacing W˜ (j−1)k
by its stratification, we may assume that the relative Ext-sheaf Ext1
C×W˜
(j−1)
k /W˜
(j−1)
k
((E¯(j)k )W˜ (j−1)k , E
(j−1)
k )
is locally free. Then put W˜
(j)
k := W˜
(j−1)
k and E(j)k := E(j−1)k ⊕ (E¯(j)k )W˜ (j)k if the extension
0 −→ E(j−1)k −→ E(j)k −→ E¯(j)k −→ 0
splits and otherwise we put
W˜
(j)
k := P∗
(
Ext1
C×W˜
(j−1)
k /W˜
(j−1)
k
((E¯(j)k )W˜ (j−1)k , E
(j−1)
k )
)
and take a universal extension
0 −→ (E(j−1)k )W˜ (j)k ⊗ L
(j)
k −→ E(j)k −→ (E¯(j)k )W˜ (j)k −→ 0
for some line bundle L(j)k on W˜ (j)k . We can see by the construction that the relative dimension of W˜ (mk)k
over X at the point corresponding to the extensions
0 −→ E(j−1)k −→ E(j)k −→ E¯(j)k −→ 0 (j = 2, . . . ,mk, E(1)k = E¯(1)k )
is at most 1−mk +
∑
1≤i<j≤mk
dimExt1(E¯
(j)
k , E¯
(i)
k ). We put
W := W˜
(m1)
1 ×X · · · ×X W˜ (ms)s
and E¯k := (E(mk)k )W for k = 1, . . . , s. Replacing W by its stratification, we assume that the relative
Ext-sheaf Ext1C×W/W (E¯2, E¯1) is locally free. Then we put W2 :=W and E2 := E¯1 ⊕ E¯2 if the extension
0 −→ E¯1 −→ E2 −→ E¯2 −→ 0
splits and otherwise we put
W2 := P∗
(
Ext1C×W/W (E¯2, E¯1)
)
and take a universal extension
0 −→ (E¯1)W2 ⊗ L2 −→ E2 −→ (E¯2)W2 −→ 0
for some line bundle L2. We defineWk and Ek inductively as follows: ReplacingWk−1 by its stratification,
we assume that the relative Ext-sheaf Ext1C×Wk−1/Wk−1((E¯k)Wk−1 , Ek−1) is locally free. Then we put
Wk :=Wk−1 and Ek := E¯k ⊕ Ek−1 if the extension
0 −→ Ek−1 −→ Ek −→ E¯k −→ 0
splits and otherwise we put
Wk := P∗
(
Ext1C×Wk−1/Wk−1((E¯k)Wk−1 , Ek−1)
)
and take a universal extension
0 −→ (Ek−1)Wk ⊗ Lk −→ Ek −→ (E¯k)Wk −→ 0
for some line bundle Lk on Wk. We put rk := rank E¯k for k = 1, . . . , s.
Claim. dimExt1(E¯k, E¯k′) < rkrk′(2g − 2) for k′ < k.
Take a general point t ∈ C. We prove this claim in the following three cases.
Case 1. deg(E¯∨k′ ⊗ E¯k(t)) > 0.
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By Riemann-Roch theorem, we have
dimHom(E¯k(t), E¯k′ )− dimH0((E¯k′ )∨ ⊗ E¯k(t)⊗ ωC) = rk′rk(1 − g) + deg((E¯k(t))∨ ⊗ E¯k′ ).
Here we have Hom(E¯k(t), E¯k′ ) = 0 because E¯k(t) and E¯k′ are semistable and deg((E¯k(t))
∨ ⊗ E¯k′) < 0.
So we have
dimExt1(E¯k, E¯k′ ) = dimH
0(E¯∨k′ ⊗ E¯k ⊗ ωC)
≤ dimH0(E¯∨k′ ⊗ E¯k(t)⊗ ωC)
= rkrk′ (g − 1)− deg((E¯k(t))∨ ⊗ E¯k′ )
< rkrk′ (g − 1) + rkrk′
≤ rkrk′ (2g − 2).
Case 2. deg(E¯∨k′ ⊗ E¯k(t)) < 0.
Note that there is an exact sequence
0 −→ H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−3)) −→ H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−4))
−→ H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−4)|p2g−3 ) ∼= Crkrk′ .
Since deg(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−3)) < 0 and E¯k and E¯k′ are semistable, we have
H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−3)) = 0.
So we have dimH0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−4)) ≤ rkrk′ . Inductively we can see that
dimH0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−2−m)) ≤ rkrk′ (m− 1)
for 2 ≤ m ≤ 2g − 2, because there are exact sequences
0 −→ H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−2−m+1)) −→ H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−2−m))
−→ H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−2−m)|p2g−2−m+1 ) ∼= Crkrk′
for 2 ≤ m ≤ 2g − 2. Thus we have
dimExt1(E¯k, E¯k′ ) = dimH
0(E¯∨k′ ⊗ E¯k ⊗ ωC) ≤ rkrk′ (2g − 3).
Case 3. deg(E¯∨k′ ⊗ E¯k(t)) = 0.
Put F := E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−3). Then F is semistable of degree 0. Let 0 = F0 ⊂ F1 ⊂
· · · ⊂ Fl = F be a Jordan-Ho¨lder filtration of F . If we put t ∈ C sufficiently general, we may assume
that OC(t− p2g−3) 6∼= Fi/Fi−1 for any i. Then we have
Hom(OC(t− p2g−3), E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−3)) = 0.
Since there is an exact sequence
0 = H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−4 − t)) −→ H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−4))
−→ H0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−4)|t) ∼= Crkrk′ ,
we have dimH0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−4)) ≤ rkrk′ . Inductively we can see that
dimH0(E¯∨k′ ⊗ E¯k ⊗ ωC(−p1 − · · · − p2g−2−m)) ≤ rkrk′ (m− 1)
for 2 ≤ m ≤ 2g − 2. So we have dimExt1(E¯k, E¯k′ ) = dimH0(E¯∨k′ ⊗ E¯k ⊗ ωC) ≤ rkrk′ (2g − 3).
Thus the claim has been proved.
We can see that the relative dimension of Wk over Wk−1 at the point corresponding to the extension
0 −→ Ek−1 −→ Ek −→ E¯k −→ 0
is at most
dimExt1(E¯k, Ek−1)− 1 ≤ −1 +
∑
k′≤k−1
dimExt1(E¯k, E¯k′ ) < −1 +
∑
1≤k′<k
(rk′rk(2g − 2))
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if 0 → Ek−1 → Ek → E¯k → 0 does not split. If the extension 0 → Ek−1 → Ek → E¯k → 0 splits, the
relative dimension of Wk over Wk−1 is at most −1 +
∑
1≤k′<k rk′rk(2g − 2). Then we can see that the
dimension of Ws at the point corresponding to the extensions
0 = E0 ⊂ E1 ⊂ · · ·Es = E, E¯k = Ek/Ek−1
0 = E
(0)
k ⊂ E(1)k ⊂ · · · ⊂ E(mk)k = E¯k, E¯(j)k = E(j)k /E(j−1)k
is at most
− g +
s∑
k=1
mk∑
j=1
dimExt1(E¯
(j)
k , E¯
(j)
k ) +
s∑
k=1

1−mk + ∑
1≤i<j≤mk
dimExt1(E¯
(j)
k , E¯
(i)
k )


+
s∑
k=2

−1 + ∑
1≤k′<k
dimExt1(E¯k, E¯k′)


<− g +
s∑
k=1
mk∑
j=1
dimExt1(E¯
(j)
k , E¯
(j)
k ) +
s∑
k=1

1−mk + ∑
1≤i<j≤mk
dimExt1(E¯
(j)
k , E¯
(i)
k )


+ 1− s+
∑
1≤k′<k≤s
rk′rk(2g − 2)
≤
s∑
k=1
mk∑
i=1
((r
(i)
k )
2(g − 1) + 1) +
s∑
k=1

1−mk + ∑
1≤i<j≤mk
(r
(i)
k r
(j)
k (g − 1) + 1)


− g + 1− s+
∑
1≤k′<k≤s
∑
1≤i≤mk,1≤j≤mk′
r
(i)
k r
(j)
k′ (2g − 2)
≤
s∑
k=1
mk∑
i=1
(r
(i)
k )
2(g − 1) +
s∑
k=1
∑
1≤i<j≤mk
2r
(i)
k r
(j)
k (g − 1)
− g + 1 +
∑
k<k′
∑
1≤i≤mk,1≤j≤mk′
2r
(i)
k′ r
(j)
k (g − 1)
=(r2 − 1)(g − 1)
because we have s > 1.
Consider the product of flag schemes
Z :=
n∏
i=1
Flag(Es|ti×Ws)
over Ws and put E := (Es)Z . Then there is a universal parabolic structure
E|ti×Z = l˜(i)0 ⊃ l˜(i)1 ⊃ · · · ⊃ l˜(i)r−1 ⊃ l˜(i)r = 0
for each i = 1, . . . , n. The dimension of Z at the point corresponding to the extensions
0 = E0 ⊂ E1 ⊂ · · ·Es = E, E¯k = Ek/Ek−1
0 = E
(0)
k ⊂ E(1)k ⊂ · · · ⊂ E(mk)k = E¯k, E¯(j)k = E(j)k /E(j−1)k
and the parabolic structure
E|ti = l(i)0 ⊃ l(i)1 ⊃ · · · ⊃ l(i)r−1 ⊃ l(i)r = 0 (i = 1, . . . , n)
is less than (r2 − 1)(g − 1) + r(r − 1)n/2 = (r − 1)((r + 1)(g − 1) + rn/2).
Consider the functor ConnZ : (Sch/Z)→ (Sets) defined by
ConnZ(S) =

∇ : ES → ES ⊗ Ω
1
C(D(t))
∣∣∣∣∣∣∣∣
∇ is a connection such that
(resti×S(∇)− λ(i)j )((l˜(i)j )S) ⊂ (l˜(i)j+1)S for any i, j
and det(∇) = ∇L ⊗ L via an identification
E = L⊗ L for some line bundle L on S

 .
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We can see that ConnZ can be represented by a scheme B of finite type over Z. Let
∇˜ : EB −→ EB ⊗ Ω1C(D(t))
be the universal connection. If we put
F00 :=
{
u ∈ End(E)
∣∣∣Tr(u) = 0 and u|ti×Y ((l˜(i)j )Y ) ⊂ (l˜(i)j )Y for any i, j}
F10 :=
{
u ∈ End(E)⊗ Ω1C(D(t))
∣∣∣Tr(u) = 0 and resti×Y (u)((l˜(i)j )Y ) ⊂ (l˜(i)j+1)Y for any i, j}
∇F•0 : F00 :∋ u 7→ ∇F•0 ◦ u− u ◦ ∇F• ∈ F10 ,
then the fiber Bx of B over x ∈ Z is isomorphic to the affine space H0(F10 ⊗ k(x)). Put
B′ :=
{
x ∈ B
∣∣∣σ−1 (Ex, ∇˜ ⊗ k(x),{l˜(i)j ⊗ k(x)}) is α-stable} .
Then there is a canonical morphism
ψ : B′ −→MαC (t,λ, L) \N.
and the homomorphism
H0(∇F•0 ⊗ k(x)) : H0(F00 ⊗ k(x)) −→ H0(F10 ⊗ k(x))
is injective for x ∈ B′, because End(E ⊗ k(x), ∇˜ ⊗ k(x), {l˜(i)j ⊗ k(x)}) ∼= k(x). If we put
U :=
{
u : E ⊗ k(x) ∼−→ E ⊗ k(x)
∣∣∣ u(l˜(i)j ⊗ k(x)) ⊂ l˜(i)j ⊗ k(x) and ∧ru = id } ,
for x ∈ Z, then we have a morphism
ι : U → B′x; u 7→ u ◦ (∇˜ ⊗ k(x)) ◦ u−1.
We can see that the tangent map of ι at id is just the homomorphism H0(∇F•0 ⊗ k(x)) which is injective.
We may assume that the morphism ψ : B′ → ψ(B′) is flat by replacing B′ by a disjoint union of
subschemes. So we have for any x ∈ B′
dimψ(x) ψ(B′) = dimx(B
′)− dimx ψ−1(ψ(x))
≤ dim(Z) + dimxB′x − dimx ι(U)
≤ dim(Z) + dimH0(F10 ⊗ k(x))− dimH0(F00 ⊗ k(x))
< (r − 1)(2(r + 1)(g − 1) + rn)
because dim coker(H0(F00 ⊗ k(x)) → H0(F10 ⊗ k(x))) = (r − 1)((r + 1)(g − 1) + rn/2). Note that
MαC (t,λ, L) \N can be covered by a finite union of such ψ(B′)’s. So we have
dim(MαC (t,λ, L) \N) < (r − 1)(2(r + 1)(g − 1) + rn).
So Step 2 is proved. By Step 1, Step 2 and the fact that the moduli space MαC (t,λ, L) is smooth of
equidimension (r − 1)(2(r + 1)(g − 1) + rn), the moduli space MαC (t,λ, L) is irreducible. 
Proposition 5.2. Assume that g = 1 and n ≥ 2. Then MαC (t,λ, L) is an irreducible variety of dimension
r(r − 1)n.
Proof. Composing certain elementary transforms, we obtain an isomorphism
σ :MC(t,λ, L) ∼−→MC(t,λ′, L′),
where r and degL′ are coprime. Put
N :=
{
(E,∇, {l(i)j }) ∈MαC (t,λ, L)
∣∣∣ σ(E) is a stable bundle} .
As in the proof of the previous proposition, we can show that N is irreducible. So it suffices to show that
dim(MαC (t,λ, L) \N) < r(r − 1)n because MαC (t,λ, L) is smooth of equidimension r(r − 1)n. Take any
member (E,∇, {l(i)j }) ∈ σ(MαC (t,λ, L) \N). Let Fs ⊂ Fs−1 ⊂ · · · ⊂ F1 = E be the Harder-Narasimhan
filtration of E. Note that s > 1. We can inductively see that the extension
0 −→ Fp/Fp+1 −→ E/Fp+1 −→ E/Fp −→ 0
must split for p = 2, . . . , s, where we put Fs+1 = 0. Then we have a decomposition E ∼= E1 ⊕ · · · ⊕ Es,
where each Ep is semistable and µ(E1) < µ(E2) < · · · < µ(Es). We can write Ep =
⊕rp
j=1 Fp,j ,
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where each Fp,j is a successive extension of a stable bundle F
(j)
p and F
(j)
p 6∼= F (k)p for j 6= k. We can
see that Fp,j ∼= G1 ⊕ · · · ⊕ Gm, where each Gi is a successive non-split extension of F (j)p . We put
r
(j)
p := rankF
(j)
p and d
(j)
p := degF
(j)
p . Let MC(r
(j)
p , d
(j)
p ) be the moduli space of stable bundles on C of
rank r
(j)
p and degree d
(j)
p . Replacing MC(r
(j)
p , d
(j)
p ) by an e´tale covering, we may assume that there is a
universal bundle F (j)p on C ×MC(r(j)p , d(j)p ). We can construct non-split extensions G1, . . . ,Gm of F (j)p
such that Fp,j ∼= (G1 ⊕ · · · ⊕ Gm) ⊗ k(x0) for the point x0 of MC(r(j)p , d(j)p ) corresponding to F (j)p . We
put Fp,j := G1 ⊕ · · · ⊕ Gm and
W :=

(x(j)p ) ∈ ∏
1≤p≤s,1≤j≤rp
MC(r
(j)
p , d
(j)
p )
∣∣∣∣∣∣
⊗
p,j
det
(
Fp,j ⊗ k(x(j)p )
) ∼= L

 .
Then dimW = −1 +∑sp=1 rp. We put E :=⊕j,pFp,j . Then parabolic structure can be parameterized
by the product of flag schemes
U :=
n∏
i=1
Flag(E|ti×W )
overW . The relative dimension of U overW is r(r−1)n/2. Let {l˜(i)j } be the universal parabolic structure
on EU . Note that
End(E ⊗ k(x)) =
s⊕
p=1
rp⊕
j=1
End(Fp,j ⊗ k(x))⊕
⊕
p<q
⊕
j,k
Hom(Fp,j ⊗ k(x),Fq,k ⊗ k(x))
for a point x ∈W and the group
Gx :=

∑
p,j
cpj idFp,j⊗k(x) +
∑
p<q
∑
j,k
a
(p,q)
j,k ∈ End(E ⊗ k(x))
∣∣∣∣∣∣
cpj ∈ C∗,
a
(p,q)
j,k ∈ Hom(Fp,j ⊗ k(x),Fq,k ⊗ k(x))


acts on the fiber Ux of U over x. Note that we can take a section a ∈ Hom(Fp,j ⊗ k(x),Fq,k ⊗ k(x))
with a(t1) 6= 0 or a(t2) 6= 0 if p < q. So we may assume that α(t2) 6= 0 for some α ∈ Hom(Fp0,1 ⊗
k(x),Fp0+1,1 ⊗ k(x)). Modulo the action of the group
∑
p,j
cpj idFp,j ⊗ k(x)
∣∣∣∣∣∣ cpj ∈ C×

 ,
l˜
(1)
r−1⊗k(y) (y ∈ Ux) can be parameterized by an algebraic scheme whose dimension is at most r−
∑s
p=1 rp.
Moreover, modulo the action of the group
idE⊗k(x) +∑
p<q
∑
j,k
a
(p,q)
j,k
∣∣∣∣∣∣ a(p,q)j,k ∈ Hom(Fp,j ⊗ k(x),Fq,k ⊗ k(x))

 ,
l˜
(2)
r−1⊗k(y) (y ∈ Ux) can be parameterized by an algebraic scheme whose dimension is at most r−2. Then,
modulo the action of Gx, l˜
(1)
r−1⊗k(y) and l˜(2)r−1⊗k(y) (y ∈ Ux) can be parameterized by an algebraic scheme
whose dimension is at most 2r−∑sp=1 rp− 2. So we can take a finite number of subschemes Y1, . . . , Yl of
U such that dimYi ≤ −1 +
∑s
p=1 rp + r(r − 1)n/2−
∑s
p=1 rp = r(r − 1)n/2− 1 and
⋃l
i=1Gx(Yi)x = Ux
for any point x ∈ W . We put Y := ∐li=1 Yi. Replacing Y by its stratification, we may assume that the
dimension of
F 0y :=
{
s ∈ End(Ey)
∣∣∣Tr(s) = 0 and s(ti)(l˜(i)j )y ⊂ (l˜(i)j )y for each i, j}
is constant for y ∈ Y . There exists a scheme Z over Y such that for any Y -scheme S, we have
Z(S) =

∇ : ES → ES ⊗ Ω1C(t1 + · · ·+ tn)
∣∣∣∣∣∣
∇ is a relative connection such that
(resti×S(∇) − λ(i)j )((l˜(i)j )S) ⊂ (l˜(i)j+1)S for any i, j
and det(∇)) = (∇L)⊗ L


We can see that each fiber of Z → Y over y ∈ Y is an affine space isomorphic to
F 1y =
{
s ∈ Hom(Ey, Ey ⊗ Ω1C(t1 + · · ·+ tn))
∣∣∣Tr(s) = 0 and resti(s)(l˜(i)j )y ⊂ (l˜(i)j+1)y for any i, j} .
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Let ∇˜ : EZ → EZ ⊗ Ω1C(t1 + · · ·+ tn) be the universal relative connection. If we put
Zs :=
{
y ∈ Z
∣∣∣σ−1 ((E , ∇˜, {l˜(i)j })⊗ k(y)) is α-stable} ,
then there is a natural morphism f : Zs → MαC (t,λ, L). For each z ∈ Z over y ∈ Y , consider the
homomorphism
∇1z : F 0y ⊗ k(z) −→ F 1y ⊗ k(z); ∇1z(s) := ∇˜z ◦ s− s ◦ ∇˜z .
Then the group Staby of automorphisms g of the parabolic bundles (Ey, {(l˜(i)j )y}) which induce the
identity on det(Ey) acts on the fiber Zy and the tangent map of the morphism Staby ∋ g 7→ gz ∈ Zs at id
is just the homomorphism ∇1z which is injective. Replacing Zs by a finite disjoint union of subschemes,
we may assume that Zs
f→ f(Zs) is flat. Then we have
dimf(z) f(Zs) = dimz Z
s − dimz f−1(f(z))
≤ dimz Zs − dimid Staby
= dimz Z
s − dimF 0y
≤ dimy Y + dimz Zsy − dimF 0y
≤ dimy Y + dimF 1y − dimF 0y
≤ dimY + r(r − 1)n/2 ≤ r(r − 1)n− 1.
Here z ∈ Zs and Zs ∋ z 7→ y ∈ Y . Since MαC (t,λ, L) \ N is a finite union of such f(Zs)’s, we have
dim(MαC (t,λ, L) \N) < r(r − 1)n. 
Proposition 5.3. Assume that rn− 2(r+1) > 0 and r ≥ 2. Then Mα
P1
(t,λ, L) is an irreducible variety
of dimension (r − 1)(rn− 2r − 2).
Proof. First we will show that the Zariski open set
N :=
{
(E,∇, {l(i)j }) ∈MαP1(t,λ, L)
∣∣∣dimEnd(E, {l(i)j }) = 1}
is irreducible. There exists an integer n0 such that h
1(E(n0)) = 0 for any (E,∇, {l(i)j }) ∈ MαP1(t,λ, L).
Then we can easily construct a smooth irreducible variety X and a flat family of parabolic bundles
(E˜, {l˜(i)j }) on P1 × X over X whose geometric fibers is just the set of all the simple parabolic bundles
(E, {l(i)j }) satisfying h1(E(n0)) = 0 and detE = L. We can take an isomorphism det E˜ ∼= L⊗L for some
line bundle L on X . The functor ConnX : (Sch/X) −→ (Sets) defined by
ConnX(U) =

∇ : E˜U → E˜U ⊗ Ω1P1(D(t))
∣∣∣∣∣∣
∇ is a relative connection satisfying
(resti(∇) − λ(i)j )((l˜(i)j )U ) ⊂ (l˜(i)j+1)U for any i, j
and det(∇) = (∇L)U ⊗ L


is represented by a scheme Y of finite type over X . We can see by the same proof as Proposition 5.1 that
Y is smooth over X whose fiber is an affine space of dimension h0((F10 )x) for x ∈ X , where
F10 =
{
s ∈ End(E˜)⊗ Ω1
P1
(D(t))
∣∣∣Tr(s) = 0 and resti×X(s)(l˜(i)j ) ⊂ l˜(i)j+1 for any i, j} .
So Y is irreducible. Let
∇˜ : E˜Y −→ E˜Y ⊗ Ω1P1(t1 + · · ·+ tn)
be the universal relative connection and put
Y ′ :=
{
y ∈ Y
∣∣∣(E˜, ∇˜, {l˜(i)j })⊗ k(y) is α-stable} .
Then Y ′ a Zariski open subset of Y and it is irreducible. A morphism Y ′ → Mα
P1
(t,λ, L) is induced
whose image is just N . Thus N becomes irreducible.
In order to prove that Mα
P1
(t,λ, L) is irreducible, it suffices to show that dim(Mα
P1
(t,λ, L) \ N) <
(r − 1)(rn − 2r − 2) because Mα
P1
(t,λ, L) is smooth of equidimension (r − 1)(rn − 2r − 2). For this,
we will construct an algebraic scheme W ′ of dimension less than (r − 1)(rn − 2r − 2) and a surjection
f :W ′ →Mα
P1
(t,λ, L) \N .
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Take any parabolic bundle (E, {l(i)j }) such that rankE = r, degE = d, dimEnd(E, {l(i)j }) ≥ 2 and
h1(E(n0)) = 0. We will show that such parabolic bundles can be parameterized by an algebraic scheme
of dimension less than (r − 1)(rn/2 − r − 1). We can write
E ∼= OP1(a1)⊕r1 ⊕OP1(a2)⊕r2 ⊕ · · · ⊕ OP1(as)⊕rs
with a1 < a2 < · · · < as. If l(k)r−1 6⊂ OP1(a2)⊕r2 |tk ⊕ · · · ⊕ OP1(as)⊕rs |tk for some k, then we replace
(E, {l(i)j }) by its elementary transform along tk by l(k)r−1, which is isomorphic to the bundle
OP1(a1 − 1)⊕r1−1 ⊕OP1(a1)⊕OP1(a2 − 1)⊕r2 ⊕ · · · ⊕ OP1(as − 1)⊕rs
with a certain parabolic structure. Repeating this process, we finally obtain two cases:{
E ∼= OP1(a)⊕r
l
(i)
r−1 ⊂ OP1(a2)⊕r2 |ti ⊕ · · · ⊕ OP1(as)⊕rs |ti for all i and r1 > 0.
Case 1. E ∼= OP1(a)⊕r.
Tensoring OP1(−a), we may assume E ∼= O⊕rP1 . For a suitable choice of a basis of O⊕rP1 , we may assume
that
l
(1)
r−i = k(t1)e1 + k(t1)e2 + · · ·+ k(t1)ei
for i = 1, . . . , r, where ej is the vector of size r whose j-th component is 1 and others are zero. Then the
group of automorphisms of E fixing l
(1)
r−1, l
(1)
r−2, . . . , l
(1)
1 is
B = {(aij) ∈ GLr(C) |aij = 0 for i > j} .
We put
p(1) := max
{
p
∣∣∣vp 6= 0 for some (v1, . . . , vr) ∈ l(2)r−1} .
Applying a certain automorphism in B, we may assume that l
(2)
r−1 = k(t2)ep(1). Inductively we put
p(i) := max
{
p
∣∣∣vp 6= 0 for some (v1, . . . , vr) ∈ l(2)r−i and p 6= p(j) for any j < i}
for i = 1, . . . , r. Applying an automorphism in B which fixes l
(2)
r−1, . . . , l
(2)
r−i+1, we may assume that
l
(2)
r−i = l
(2)
r−i+1 + k(t2)ep(i).
Then the group of automorphisms of E fixing both {l(1)j } and {l(2)j } is
B′ =
{
(aij) ∈ GLr(C)
∣∣aij = 0 for i > j and ap(i)p(j) = 0 for i > j} .
Applying a certain automorphism in B′, we may assume that l
(3)
r−1 can be generated by a vector w =
(w1, . . . , wr), where each wi is either 1 or 0. Note that we have n ≥ 3 by the assumption of the proposition.
The group of automorphisms of E fixing {l(1)j }, {l(2)j } and l(3)r−1 is
B′′ =
{
(aij) ∈ GLr(C)
∣∣∣∣ aij = 0 for i > j, ap(i)p(j) = 0 for i > jand there is c ∈ C× satisfying aiiwi +∑k 6=i aikwk = cwi for any i
}
.
Since the parabolic bundle (E, {l(i)j }) has a nontrivial endomorphism, there is (i, j) with i < j and
p(i) < p(j) or there is some i satisfying wi = 0. Note that r ≥ 3 or n ≥ 4 because we assume that
rn − 2r − 2 > 0. First assume that r ≥ 3. If wp(i) = wp(j) = 1 and p(i) < p(j) for some i < j,
then we apply an automorphism of the form (akl) such that akk = 1 if k 6= p(i), akl = 0 if k 6= l and
(k, l) 6= (p(i), p(j)), ap(i)p(i) = 1− c and ap(i)p(j) = c for some c ∈ C\{1}. Then we can parameterize l(3)r−2
modulo this action by an algebraic scheme whose dimension is less than r− 2. If wi = 0 for some i, then
we apply an automorphism of the form (akl) such that akk = 1 for k 6= i, aii = c (c ∈ C×) and akl = 0
for k 6= l. Then l(3)r−2 can be parameterized modulo this action by an algebraic scheme of dimension less
than r − 2. Next assume that n ≥ 4. If wp(i) = wp(j) = 1 and p(i) < p(j) for some i < j, then we apply
an automorphism of the form (akl) such that akk = 1 if k 6= p(i), akl = 0 if k 6= l and (k, l) 6= (p(i), p(j)),
ap(i)p(i) = 1 − c and ap(i)p(j) = c for some c ∈ C \ {1}. Then we can parameterize l(4)r−1 modulo this
action by an algebraic scheme whose dimension is less than r − 1. If wi = 0 for some i, then we apply
an automorphism of the form (akl) such that akk = 1 for k 6= i, aii = c (c ∈ C×) and akl = 0 for k 6= l.
Then l
(4)
r−1 can be parameterized modulo this action by an algebraic scheme of dimension less than r− 1.
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Taking account of all the above arguments, we can parameterize parabolic bundles (E, {l(i)j }) satisfying
E ∼= O⊕r
P1
and dimEnd(E, {l(i)j }) > 1 by an algebraic scheme of dimension less than (r−1)(rn/2−(r+1)).
Case 2. E ∼= OP1(a1)⊕r1 ⊕· · ·⊕OP1(as)⊕rs with r1 > 0 and l(i)r−1 ⊂ OP1(a2)⊕r2 |ti ⊕· · ·⊕OP1(as)⊕rs |ti .
For each p, we consider an identification OP1(ap)⊕rp |ti = Crp and denote by e(i)p,j the element of this
vector space whose j-th component is 1 and others are zero. We put
p(1) := min
{
p
∣∣∣vp 6= 0 for some (v1, . . . , vs) ∈ l(1)r−1 where vq ∈ OP1(aq)⊕rq |t1 for any q} .
Applying an automorphism of E, we may assume that l
(1)
r−1 is generated by e
(1)
p(1),j(1) with j(1) = 1.
Inductively we put
p(i) := min

p
∣∣∣∣∣∣v(p)j 6= 0 for some
∑
q,k
v
(q)
k e
(1)
q,k ∈ l(1)r−i where (p, j) 6= (p(k), j(k)) for any k < i


for i = 1, . . . , r and we put
j(i) := 1 +max ({0} ∪ {j(i′)|i′ < i and p(i′) = p(i)}) .
Applying an automorphism of E fixing l
(1)
r−1, . . . , l
(1)
r−i+1, we may assume that l
(1)
r−i = l
(1)
r−i+1+k(t1)e
(1)
p(i),j(i).
Then each l
(1)
r−i is generated by e
(1)
p(1),j(1), . . . , e
(1)
p(i),j(i) and the group of automorphisms of E fixing {l(1)j }
is
B =
{
(apqjk)
1≤p,q≤s
1≤j≤rp,1≤k≤rq
∣∣∣∣∣ (a
pq
jk)1≤j≤rp,1≤k≤rq ∈ End(O(aq)rq ,O(ap)rp) for each (p, q)
(a
(pp)
jk ) ∈ Aut(O(ap)rp) and ap(i)p(i
′)
j(i)j(i′) (t1) = 0 for i > i
′
}
.
Note that we have j(i′) < j(i) if i′ < i and p(i′) = p(i). We will also normalize {l(2)j }. First we put
(p′(1),−j′(1)) := min

(p,−j)
∣∣∣∣∣∣v(p)j 6= 0 for some
∑
q,k
v
(q)
k e
(2)
q,k ∈ l(2)r−1

 ,
where we consider the lexicographic order on the pair (p,−j). Applying an automorphism of E fixing
{l(1)j }, we may assume that l(2)r−1 is generated by e(2)p′(1),j′(1). Inductively we put
(p′(i),−j′(i)) := min
{
(p,−j)
∣∣∣∣∣ v
(p)
j 6= 0 for some
∑
q,k v
(q)
k e
(2)
q,k ∈ l(2)r−i and
(p, j) 6= (p′(k), j′(k)) for any k < i
}
for i = 1, . . . , r. Applying an automorphism in B fixing l
(2)
r−1, . . . , l
(2)
r−i+1, we may assume that l
(2)
r−i =
l
(2)
r−i+1 + k(t2)e
(2)
p′(i),j′(i). Then the group of automorphisms of E fixing {l(1)j } and {l(2)j } is
B′ =
{
(apqjk)
1≤p,q≤s
1≤j≤rp,1≤k≤rq
∈ B
∣∣∣ap′(i)p′(l)j′(i)j′(l) (t2) = 0 for i > l} .
Applying a certain automorphism in B′, we may assume that l
(3)
r−1 can be generated by a vector w =∑
w
(p)
j e
(3)
p,j , where each w
(p)
j is either 1 or 0. Then the group of automorphisms of E fixing {l(1)j }, {l(2)j }
and l
(3)
r−1 is
B′′ =
{
(apqjk)
1≤p,q≤s
1≤j≤rp,1≤k≤rq
∈ B′
∣∣∣ for some c ∈ C×, ∑q,k apqjkw(q)k = cw(p)j for any p, j } .
Note that p(1) ≥ 2 because l(1)r−1 ⊂ OP1(a2)⊕r2 |t1 ⊕ · · · ⊕ OP1(as)⊕rs |t1 . If w(1)1 6= 0 and w(p(1))j(1) 6= 0,
then there exist elements (apqjk) of B
′′ satisfying a
p(1)1
j(1)1(t3)w
(1)
1 + a
p(1)p(1)
j(1)j(1)w
(p(1))
j(1) = w
(p(1))
j(1) , a
pp
jj = 1 for
(p, j) 6= (p(1), j(1)) and a(pq)jk = 0 for (p, j) 6= (q, k) and (p, j, q, k) 6= (p(1), j(1), 1, 1). Applying such
automorphisms, l
(3)
r−2 can be parameterized modulo this action by an algebraic scheme of dimension less
than r − 2 when r ≥ 3 and l(4)r−1 can be parameterized modulo this action by an algebraic scheme of
dimension less than r − 1 when n ≥ 4. If w(p0)j0 = 0 for some (p0, j0), then we apply an automorphism
(apqjk) in B
′′ satisfying appjj = 1 for (p, j) 6= (p0, j0), ap0p0j0j0 = c (c ∈ C×) and apqjk = 0 for (p, j) 6= (q, k).
Then l
(3)
r−2 can be parameterized modulo this action by an algebraic scheme of dimension less than r − 2
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when r ≥ 3 and l(4)r−1 can be parameterized modulo this action by an algebraic scheme of dimension
less than r − 1 when n ≥ 4. Therefore we can parameterize parabolic bundles (E, {l(i)j }) satisfying
E ∼= OP1(a1)⊕r1 ⊕ · · · ⊕ OP1(as)⊕rs and l(i)r−1 ⊂ OP1(a2)⊕r2 |ti ⊕ · · · ⊕ OP1(as)⊕rs |ti for any i by an
algebraic scheme of dimension less than (r − 1)(rn/2− r − 1).
By Case 1 and Case 2, we can construct an algebraic scheme Z of dimension less than (r−1)(rn/2−r−1)
and a flat family (E˜, {l˜(i)j }) of parabolic bundles on P1Z over Z such that the set of the geometric
fibers of (E˜, {l˜(i)j }) is just the set of parabolic bundles (E, {l(i)j }) satisfying rankE = r, degE = d,
dimEnd(E, {l(i)j }) ≥ 2 and h1(E(n0)) = 0. Note that the functor ConnZ : (Sch/Z) −→ (Sets) defined
by
ConnZ(S) =

∇ : E˜S → E˜S ⊗ Ω1P1(t1 + · · ·+ tn)
∣∣∣∣∣∣
∇ is a relative connection satisfying
(resti×S(∇) − λ(i)j )(l˜(i)j )S ⊂ (l˜(i)j+1)S for any i, j
and det(∇) = (∇L)S ⊗ L


can be represented by a scheme W of finite type over Z. Let ∇˜ : E˜W → E˜W ⊗ Ω1P1(t1 + · · ·+ tn) be the
universal relative connection. If we put
F00 :=
{
s ∈ End(E˜)
∣∣∣Tr(s) = 0 and s(l˜(i)j ) ⊂ l˜(i)j for any i, j} ,
F10 :=
{
s ∈ End(E˜)⊗ Ω1
P1
(t1 + · · ·+ tn)
∣∣∣Tr(s) = 0 and resti×Z(s)(l˜(i)j ) ⊂ l˜(i)j+1 for any i, j} ,
∇† : F00 −→ F10 ; ∇†(s) = ∇˜ ◦ s− s ◦ ∇˜,
then each fiber Wz of W → Z over z is an affine space isomorphic to H0(F10 ⊗ k(z)). If we put
W ′ :=
{
p ∈W
∣∣∣(E˜, ∇˜, {l˜(i)j })⊗ k(p) is α-stable} ,
then a morphism f :W ′ →Mα
P1
(t,λ, L) is induced. ReplacingW ′ by a finite disjoint union of subschemes,
we may assume that W ′
f−→ f(W ′) is flat. There is a canonical action of
Aut0(E˜ ⊗ k(z), {l˜(i)j ⊗ k(z)}) =
{
g : E˜ ⊗ k(z) ∼−→ E˜ ⊗ k(z)
∣∣∣∣ g(l˜(i)j ⊗ k(z)) ⊂ l˜(i)j ⊗ k(z) for any i, jand ∧rg = id
}
on the fiber W ′z of W
′ → Z over z ∈ Z and we have f(gp) = p for any p ∈ W ′z and g ∈ Aut0(E, {l(i)j }).
Take p ∈ W ′ lying over z ∈ Z. Then the tangent map of Aut0(E˜ ⊗ k(p), {l˜(i)j ⊗ k(p)}) ∋ g 7→ gp ∈ W ′z
at id is the linear map H0(∇† ⊗ k(p)), which is injective because (E˜ ⊗ k(p), ∇˜ ⊗ k(p), {l˜(i)j ⊗ k(p)}) is
α-stable. So we have for any p ∈W ′,
dimf(p) f(W ′) = dimpW
′ − dimp f−1(f(p))
≤ dimpW ′ − dimidAut0(E˜ ⊗ k(p), {l˜(i)j ⊗ k(p)})
= dimpW
′ − dimH0(F00 ⊗ k(p))
≤ dimz Z + dimpW ′z − dimH0(F00 ⊗ k(p))
≤ dimz Z + dimH0(F10 ⊗ k(p))− dimH0(F00 ⊗ k(p))
= dimz Z + (r − 1)(rn/2− r − 1)
< (r − 1)(rn − 2(r + 1)).
Here W ′ ∋ p 7→ z ∈ Z. Since Mα
P1
(t,λ, L) \N can be covered by such f(W ′)’s, we have
dim (Mα
P1
(t,λ, L) \N) < (r − 1)(rn− 2(r + 1)).
Hence Mα
P1
(t,λ, L) is irreducible. 
6. Riemann-Hilbert correspondence
We take a point x ∈ T and denote Cx and t˜x simply by C and t. We also denote the fiber of
MαC/T (t˜, r, d) over x ∈ T by MαC (t, r, d). Sending (E,∇, {l(i)∗ }1≤i≤n) to ker∇an|C\{t1,...,tn}, we obtain a
holomorphic mapping
RHx : M
α
C (t, r, d) −→ RPr(C, t),
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which makes the diagram
MαC (t, r, d)
RHx−−−−→ RPr(C, t)y y
Λ
(n)
r (d)
rh−−−−→ A(n)r
commute. Here rh : Λ
(n)
r (d) ∋ λ = (λ(i)j ) 7→ a = (a(i)j ) ∈ A(n)r is defined by
r−1∏
j=0
(X − exp(−2π√−1λ(i)j )) = Xr + a(i)r−1Xr−1 + · · ·+ a(i)1 X + a(i)0
for i = 1, . . . , n. If we denote the fiber of MαC (t, r, d) over λ ∈ Λ(n)r (d) by MαC (t,λ), then RHx induces a
holomorphic mapping
RH(x,λ) :M
α
C (t,λ) −→ RPr(C, t)a
for rh(λ) = a. In this section we will prove the properness of this morphismRH(x,λ) and obtain Theorem
2.2. In order to prove the properness of RH(x,λ), it is essential to prove the surjectivity of RH(x,λ) and
compactness of every fiber of RH(x,λ). For the proof of the surjectivity of RH(x,λ), it is essential to use
the following Langton’s type theorem:
Lemma 6.1. Let R be a discrete valuation ring with residue field k = R/m and quotient field K.
Take a flat family (E,∇, {l(i)j }) of parabolic connections on C × SpecR over SpecR whose generic fiber
(E,∇, {l(i)j }) ⊗ K is α-semistable. Then we can obtain, by repeating elementary transformations of
(E,∇, {l(i)j }) along the special fiber C × Spec k, a flat family (E′,∇′, {l′(i)j }) of parabolic connections on
C × SpecR over SpecR such that (E′,∇′, {l′(i)j }) ⊗ K ∼= (E,∇, {l(i)j }) ⊗ K and (E′,∇′, {l′(i)j }) ⊗ k is
α-semistable.
Proof. This is just a corollary of the proof of [[7], Proposition 5.5]. 
Proposition 6.1. Assume that n ≥ 3 if g = 0 and that n ≥ 1 if g ≥ 1. Then the morphism RH(x,λ) :
MαC (t,λ)→ RPr(C, t)a is surjective for any λ ∈ Λ(n)r (d) satisfying rh(λ) = a.
Proof. By Proposition 3.1, we obtain an isomorphism
(11) σ :MC(t,λ) ∼−→MC(t,µ)
of functors, where 0 ≤ Re(µ(i)j ) < 1 for any i, j. Note that σ induces an isomorphism
M irrC (t,λ)
σ−→
∼
M irrC (t,µ),
where M irrC (t,λ) (resp. M
irr
C (t,µ)) is the moduli space of irreducible (t,λ)-parabolic connections (resp.
(t,µ)-parabolic connections). By construction, we have RH(x,µ) ◦σ|M irrC (t,λ) = RH(x,λ) |M irrC (t,λ).
Consider the restriction
RH(x,λ) : M
irr
C (t,λ) −→ RPr(C, t)irra ,
of RH, where M irrC (t,λ) is the moduli space of irreducible parabolic connections and RPr(C, t)
irr
a
is
the moduli space of irreducible representations. For any point ρ ∈ RPr(C, t)irra , ρ corresponds to a
holomorphic vector bundle E◦ on C \ {t1, . . . , tn} and a holomorphic connection ∇◦ : E◦ → E◦ ⊗
Ω1C\{t1,...,tn}. By [[4], II, Proposition 5.4], there is a unique pair (E,∇) of a holomorphic vector bundle
E on C and a logarithmic connection ∇ : E → E ⊗ Ω1C(t1 + · · · + tn) such that (E,∇)|C\{t1,...,tn} ∼=
(E◦,∇◦) and that all the eigenvalues of resti(∇) lies in {z ∈ C|0 ≤ Re(z) < 1}. We can take a
parabolic structure {l(i)j } on E which is compatible with the connection ∇. Then (E,∇, {l(i)j }) becomes
a (t,µ)-parabolic connection such that RH(x,µ)(E,∇, {l(i)j }) = ρ. Thus we have σ−1(E,∇, {l(i)j }) ∈
M irrC (t,λ) ⊂ MαC (t,λ) (note that an irreducible parabolic connection is automatically α-stable) and
RH(x,λ)(σ
−1(E,∇, {l(i)j })) = ρ.
So it is sufficient to show that any member [ρ] ∈ RPr(C, t)a corresponding to a reducible representation
is contained in the image of RH(x,λ), in order to prove the surjectivity of RH(x,λ). The fundamental
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group π1(C\{t1, . . . , tn}, ∗) is generated by cycles α1, β1, . . . , αg, βg and loops γi around ti for i = 1, . . . , n
whose relation is given by
g∏
i=1
αiβiα
−1
i β
−1
i
n∏
j=1
γj = 1.
Since n > 0, the fundamental group is isomorphic to the free group generated by the free gener-
ators α1, β1, . . . , αg, βg, γ1, . . . , γn−1. So the space Hom(π1(C \ {t1, . . . , tn}, ∗), GLr(C)) of represen-
tations is isomorphic to GLr(C)
2g+n−1 and it is irreducible. By Proposition 4.2 and Remark 4.1,
the subset of the points of GLr(C)
2g+n−1 corresponding to the irreducible representations is a non-
empty Zariski open subset. Thus there exist a smooth affine curve T and a morphism f : T →
Hom(π1(C \ {t1, . . . , tn}, ∗), GLr(C)) such that the image f(p0) of a special point p0 ∈ T corresponds to
the representation ρ and the image f(η) of η ∈ T \{p0} corresponds to an irreducible representation. Since
the morphism f corresponds to a family of representations of the fundamental group π1(C\{t1, . . . , tn}, ∗),
we can construct a holomorphic vector bundle E˜◦ on (C \{t1, . . . , tn})×T and a holomorphic connection
∇˜◦ : E˜◦ → E˜◦ ⊗ Ω1(C\{t1,...,tn})×T/T such that (E˜◦, ∇˜◦)|(C\{t1,...,tn})×η corresponds to the representation
f(η) which is irreducible for η ∈ T \ {p0} and (E˜◦, ∇˜◦)|(C\{t1,...,tn})×p0 corresponds to the representa-
tion ρ. By the relative version of [[4], II, Proposition 5.4], we can construct, after replacing T by an
analytic open neighborhood of p0, a holomorphic vector bundle E˜ on C × T and a relative connection
∇˜ : E˜ → E˜ ⊗ Ω1C(t1 + · · ·+ tn) such that (E˜, ∇˜)|(C\{t1,...,tn})×T ∼= (E˜◦, ∇˜◦) and that all the eigenvalues
of resti(∇˜ ⊗ k(t)) lie in {z ∈ C| − ǫ < Re(z) < 1 − ǫ} for any t ∈ T , where ǫ > 0 is a sufficiently small
positive real number which depends on µ. We can take a flat family of parabolic structures {l˜(i)j } on E˜
which is compatible with ∇˜ and (E˜, ∇˜, {l˜(i)j }) becomes a flat family of parabolic connections over T .
We denote by (An) the category of analytic spaces. Let MC(t, r, d)an : (An)→ (Sets) be the functor
defined by
MC(t, r, d)an(S) :=


(E,∇, {l(i)j })
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
E is a holomorphic vector bundle of rank r on C × S,
∇ : E → E ⊗ Ω1C×S/S((t1 + t2 + · · ·+ tn)S)
is a relative connection and
E|ti×S = l(i)0 ⊃ l(i)1 ⊃ · · · ⊃ l(i)r−1 ⊃ l(i)r = 0
is a filtration by subbundles such that
resti×S(∇)(l(i)j ) ⊂ l(i)j for any i, j
and for any s ∈ S, deg(E|C×{s}) = d
and dim(l
(i)
j /l
(i)
j+1)|s = 1 for any i, j


/
∼
for an analytic space S, where (E,∇, {l(i)j }) ∼ (E′,∇′, {l′(i)j }) if there are line bundle L on S and an
isomorphism g : E
∼−→ E′ ⊗ L such that g|ti(l(i)j ) = l′(i)j for any i, j and the diagram
E
∇−−−−→ E ⊗ Ω1C×S/S((t1 + · · ·+ tn)S)
g
y∼= g⊗idy∼=
E′ ⊗ L ∇
′⊗L−−−−→ E′ ⊗ L⊗ Ω1C×S/S((t1 + · · ·+ tn)S)
is commutative. We can also define a functor MC(t,λ)an : (An)→ (Sets) similarly.
There are canonical morphisms π
Λ
(n)
r (d)
: MC(t, r, d)an → Λ(n)r (d) and πΛ(n)r (d′) : MC(t, r, d
′)an →
Λ
(n)
r (d′). Taking a sufficiently small open neighborhood ∆ of λ in Λ
(n)
r (d) and an open neighborhood ∆′
of µ in Λ
(n)
r (d′), σ extends canonically to an isomorphism
σ˜ : π−1
Λ
(n)
r (d)
(∆)
∼−→ π−1
Λ
(n)
r (d′)
(∆′)
which makes the diagram
π−1
Λ
(n)
r (d)
(∆) −−−−→ ∆
σ˜
y∼= ∼=y
π−1
Λ
(n)
r (d′)
(∆′) −−−−→ ∆′
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commute. Replacing T by an open neighborhood of p0, we have (E˜, ∇˜, {l˜(i)j }) ∈ π−1Λ(n)r (d′)(∆
′)(T ). Then
we have σ˜−1(E˜, ∇˜, {l˜(i)j }) ∈ π−1Λ(n)r (d)(∆)(T ) ⊂ MC(t, r, d)
an(T ). For a sufficiently large integer n0,
H1(σ˜−1(E˜)t(n0)) = 0 and H
0(σ˜−1(E˜)t(n0)) ⊗ OC(−n0) −→ σ˜−1(E˜)t is surjective for any t ∈ T . Let
M′C(t, r, d) be the subfunctor of MC(t, r, d) defined by
M′C(t, r, d)(S) =
{
(E,∇, {l(i)}) ∈MC(t, r, d)(S)
∣∣∣∣ for any t ∈ S, H1(Et(n0)) = 0 andH0(Et(n0))⊗OC(−n0)→ Et is surjective
}
.
Then M′C(t, r, d) →֒ MC(t, r, d) is representable by an open immersion and we have σ˜−1(E˜, ∇˜, {l˜(i)j }) ∈
M′C(t, r, d)an(T ). By the same argument as the proof of Theorem 2.1, there is an algebraic scheme
P on which PGLN acts and there is a flat family (F, ∇˜F , {l(i)F,j}) of parabolic connections on C × P
over P which induces PGLN -equivariant morphism p : P → M′C(t, r, d) such that the induced mor-
phism (hP /hPGLN )
Zar → M′C(t, r, d)Zar is isomorphic, where (hP /hPGLN )Zar (resp. M′C(t, r, d)Zar)
is the sheafification of hP /hPGLN (resp. M′C(t, r, d)) in Zariski topology. We can see that the canon-
ical morphism (hPan/hPGLanN )
∼ −→ (M′C(t, r, d)an)∼ is also an isomorphism, where (hPan/hPGLanN )∼
(resp. (M′C(t, r, d)an)∼) is the analytic sheafification of hPan/hPGLanN (resp. M′C(t, r, d)an). Note that
σ˜−1(E˜, ∇˜, {l˜(i)j }) ∈ M′C(t, r, d)an(T ) ⊂ (M′C(t, r, d)an)∼(T ). Since the morphism hP → (M′C(t, r, d)an)∼
is surjective as sheaves in analytic topology, there is a morphism g : T → P such that g∗(F, ∇˜F , {l(i)F,j})an ∼=
σ˜−1(E˜, ∇˜, {l˜(i)j }) after replacing T by an open neighborhood of p0. There is a ring homomorphism
g∗ : OanP,g(p0) → OanT,p0 ∼= C{z}, where C{z} is the convergent power series ring. Then we have
(F, ∇˜F , {l(i)F,j})⊗OP,g(p0) OanT,p0 ∈ M′C(t, r, d)(OanT,p0 ) =M′C(t, r, d)(C{z}).
By Lemma 6.1, we can obtain a flat family (E˜′, ∇˜′, {l˜′(i)j }) of α-semistable parabolic connections over
C{z} such that (E˜′, ∇˜′, {l˜′(i)j })⊗C{z}C{z}[1/z] ∼= (F, ∇˜F , {l(i)F,j})⊗OP,g(p0)C{z}[1/z]. Since we take α so
generic that α-semistable⇔ α-stable, we have (E˜′, ∇˜′, {l˜′(i)j }) ∈MαC (t, r, d)(C{z}). Let h : SpecC{z} →
MαC (t, r, d) be the induced morphism and h
∗ : OMαC (t,r,d),h(q0) → C{z} be the corresponding ring homo-
morphism, where q0 is the closed point of SpecC{z}. Then, replacing T by an open neighborhood of p0,
we have a morphism han : T →MαC (t, r, d) such that (han)∗ = h∗ : OMαC (t,r,d),h(q0) → OanT,p0 = C{z}. By
construction, we have han(p0) = h(q0) and the diagram
T \ {p0} f−−−−→ Hom(π1(C \ {t1, . . . , tn}, ∗), GLr(C))
han
y y
Mα(t, r, d)
RH−−−−→ RPr(C, t)
is commutative after replacing T by an open neighborhood of p0. Since RPr(C, t) is separated over C,
we have RH(han(p0)) = [ρ]. Hence RH(x,λ) is surjective. 
Remark 6.1. It was not obvious in Proposition 5.1, 5.2 and 5.3 that the moduli space MαC (t,λ, L) is
non-empty. However, we can see now that it is in fact non-empty in the following way: We first take
a simple parabolic bundle (E, {l(i)j }) of rank r on C such that detE ∼= L. For the existence of such a
parabolic bundle, we may assume, by taking certain elementary transform, that r and degL are coprime.
Then the existence for g ≥ 1 follows because the moduli space of stable bundles of rank r with the fixed
determinant L on a curve of genus g ≥ 1 is non-empty. For the case of C = P1, we may assume that
E = O⊕r
P1
and we can take a parabolic structure {l(i)j } on E such that End(E, {l(i)j }) ∼= C because n ≥ 3.
We want to construct a connection ∇ : E → E ⊗ Ω1C(t1 + · · · + tn) such that (E,∇, {l(i)j }) becomes a
(t,λ)-parabolic connection with the determinant (L,∇L). The obstruction class for the existence of such
a connection lies in H1(F10 ), where
F10 =
{
s ∈ End(E)⊗ Ω1C(t1 + · · ·+ tn)
∣∣∣Tr(s) = 0 and resti(a)(l(i)j ) ⊂ l(i)j+1 for any i, j} .
If we put
F00 :=
{
s ∈ End(E)
∣∣∣Tr(s) = 0 and s|ti(l(i)j ) ⊂ l(i)j for any i, j} ,
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then we have an isomorphismH1(F10 ) ∼= H0(F00 )∨. Since End(E, {l(i)j }) ∼= C, we haveH0(F00 ) = 0 and so
H1(F10 ) = 0. Thus there is a connection ∇ : E → E⊗Ω1C(t1+ · · ·+ tn) such that (E,∇, {l(i)j }) becomes a
(t,λ)-parabolic connection. If this connection is irreducible, then (E,∇, {l(i)j }) becomes α-stable and the
moduli space MαC (t,λ, L) becomes non-empty. If (E,∇, {l(i)j }) is reducible, then we take the representa-
tion ρ of π1(C \ {t1, . . . , tn}, ∗) which corresponds to ker(∇an|C\{t1,...,tn}). Then [ρ] determines a point
of RPr(C, t)a, where rh(λ) = a. Since RH(x,λ) is surjective, we can take an α-stable (t,λ)-parabolic
connection (E′,∇′, {l′(i)j }) with the determinant (L,∇L) such that RH(x,λ)(E′,∇′, {l′(i)j }) = [ρ]. Hence
we have MαC (t,λ, L) 6= ∅.
Proposition 6.2. Every fiber of RH(x,λ) :M
α
C (t,λ)→ RPr(C, t)a is compact.
Proof. Take any irreducible representation ρ ∈ RPr(C, t)irra . We want to show that the fiber RH−1(x,λ)(ρ)
in MαC (t,λ) is compact. By Proposition 3.1, we can obtain an isomorphism
σ :MC(t,λ) ∼−→MC(t,µ),
of functors, where 0 ≤ Re(µ(i)j ) < 1 for any i, j. Then σ induces an isomorphism
σ :M irrC (t,λ)
∼−→M irrC (t,µ)
between the moduli spaces of irreducible parabolic connections. Note that M irrC (t,λ) ⊂ MαC (t,λ). So σ
also induces an isomorphism
RH−1(x,λ)(ρ)
∼−→ RH−1(x,µ)(ρ).
By [[4], II, Proposition 5.4], there is a unique pair (E,∇E) of a bundle E on C and a logarithmic
connection ∇E : E → E ⊗Ω1C(t1 + · · ·+ tn) such that the local system ker(∇anE )|C\{t1,...,tn} corresponds
to the representation ρ and all the eigenvalues of resti(∇E) lies in {z ∈ C|0 ≤ Re(z) < 1}. Then the
fiber RH−1(x,µ)(ρ) is just the moduli space of parabolic structures {l(i)j } on E which satisfy (resti(∇E) −
µ
(i)
j )(l
(i)
j ) ⊂ l(i)j+1 for any i, j. So RH−1(x,µ)(ρ) becomes a Zariski closed subset of a product of flag varieties.
Thus RH−1(x,µ)(ρ) is compact. Since the fiber RH
−1
(x,λ)(ρ) of RH(x,λ) over ρ in M
α
C (t,λ) is isomorphic to
RH−1(x,µ)(ρ) via σ, it is also compact.
Now take a reducible representation [ρ] ∈ RPr(C, t)a. We may assume ρ = ρ1 ⊕ · · · ⊕ ρs with each
ρp irreducible. We will show that RH
−1
(x,λ)([ρ]) is an algebraic constructible subset of M
α
C (t,λ). For
this, we will construct an algebraic scheme Z over C and a morphism f : Z → MαC (t,λ) such that
f(Z) = RH−1([ρ]). By Proposition 3.1, we can get an isomorphism
ϕ :MC(t,λ) −→MC(t,µ)
of functors such that 0 ≤ Re(µ(i)j ) < 1 for any i, j and RH(x,λ)(e) = (RH(x,µ) ◦ϕ)(e) for any e ∈
MC(t,λ)(C). Take any member e ∈ MαC (t,λ) such that RH(x,λ)(e) = [ρ]. Put ϕ(e) = (E,∇, {l(i)j }).
Then there is filtration 0 = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E by subbundles such that ∇(Fk) ⊂ Fk ⊗
Ω1C(t1 + · · ·+ tn) and for the induced connections ∇k : Fk/Fk−1 → Fk/Fk−1 ⊗ Ω1C(t1 + · · · + tn), there
is a permutation σ of 1, . . . , s such that ker∇ank |C\{t1,...,tn} corresponds to ρσ(k) for any k. Note that
(Fk/Fk−1,∇k) is uniquely determined by ρσ(k) because ρσ(k) is irreducible and all the eigenvalues of
resti(∇k) lie in {z ∈ C|0 ≤ Re(z) < 1}. Now we will construct Z and f . For each k with 1 ≤ k ≤ s, there
is a unique pair (Ek,∇k) of vector bundle Ek with a connection ∇k : Ek → Ek ⊗ Ω1C(t1 + · · ·+ tn) such
that ker∇ank |C\{t1,...,tn} corresponds to ρk and all the eigenvalues of resti(∇) lie in {z ∈ C|0 ≤ Re(z) < 1}
for i = 1, . . . , n. Take a permutation σ of (1, . . . , s). Put Y1 := V∗(Ext
1
C(Eσ(2), Eσ(1))) and let
0 −→ (Eσ(1))Y1 −→ F (σ)2 −→ (Eσ(2))Y1 −→ 0
be the universal extension. We may assume that Ext1C×Y1/Y1((Eσ(3))Y1 , F
(σ)
2 ) is a locally free sheaf
on Y1 by replacing Y1 by a disjoint union of locally closed subschemes. Inductively we put Yk :=
V∗(Ext
1
C×Yk−1/Yk−1((Eσ(k+1))Yk−1 , F
(σ)
k )) and let
0 −→ (F (σ)k )Yk −→ F (σ)k+1 −→ (Eσ(k+1))Yk −→ 0
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be the universal extension. We may assume by replacing Yk by a disjoint union of locally closed sub-
schemes that Ext1C×Yk/Yk((Eσ(k+2))Yk , F
(σ)
k+1) is a locally free sheaf on Yk. There is a universal extension
0 −→ (F (σ)r−1)Yr−1 −→ F (σ)r −→ (Eσ(r))Yr−1 −→ 0
and we obtain a filtration
0 =: F
(σ)
0 ⊂ F (σ)1 := (Eσ(1))Yr−1 ⊂ (F (σ)2 )Yr−1 ⊂ · · · ⊂ (F (σ)r−1)Yr−1 ⊂ F (σ)r
Consider the functor ConnC×Yr−1/Yr−1 from the category of algebraic schemes over C to the category of
sets defined by
ConnC×Yr−1/Yr−1(S) :=


∇ : F (σ)r → F (σ)r ⊗ Ω1C(D(t))
∣∣∣∣∣∣∣∣∣∣∣
∇ is a relative connection,
∇((F (σ)k )S) ⊂ (F (σ)k )S ⊗ Ω1C(D(t))
for 1 ≤ k ≤ r − 1 and for the connection
∇(σ)k on (F (σ)k )S/(F (σ)k−1)S induced by ∇,
∇(σ)k = (∇σ(k))S for 1 ≤ k ≤ s− 1


.
Then we can see that ConnYr−1 can be represented by an affine scheme Y
(σ) over Yr−1. Let
∇ : (F (σ)r )Y σ −→ (F (σ)r )Y σ ⊗ Ω1C(t1 + · · ·+ tn)
be the universal connection. The set of parabolic structures {l(i)j } on (F (σ)r )⊗ k(y) (y ∈ Y (σ)) such that
(resti(∇ ⊗ k(y)) − µ(i)j )(l(i)j ) ⊂ l(i)j+1 for any i, j can by parametrized by a closed subscheme Z(σ) of a
product of flag schemes over Y . Let {(l(σ))(i)j } be the universal parabolic structure on (F (σ)r )Z(σ) . Put
Z˜(σ) := {z ∈ Z(σ)|ϕ−1(F (σ)r ⊗ k(z),∇⊗ k(z), {l˜(i)j ⊗ k(s)}) is α-stable}.
Then Z˜(σ) is a Zariski open subset of Z(σ) and induces a morphism fσ : Z˜
(σ) →MαC (t,λ). By construction
we have RH−1(x,λ)([ρ]) =
⋃
σ fσ(Z˜
(σ)). Thus we can see that RH−1(x,λ)([ρ]) is a constructible subset of
MαC (t,λ) by Chevalley’s Theorem.
So it is sufficient to show that RH−1(x,λ)([ρ]) is stable under specialization in the compact moduli space
M
D(t),α′,β,γ
C (r, d, {di}1≤i≤nr), in order to prove the compactness ofRH−1(x,λ)([ρ]). HereMD(t),α
′,β,γ
C (r, d, {di}1≤i≤nr)
is the moduli scheme of (α′,β, γ)-stable parabolic Λ1D(t)-triples appeared in Theorem 4.1, which contains
MαC (t,λ) as a locally closed subscheme. Take any scheme point x1 ∈ RH−1(x,λ)([ρ]) and a point x0 of
the closure {x1} of {x1} in MD(t),α
′,β,γ
C (r, d, {di}1≤i≤nr). Let K be the residue field k(x1) of x1. Then
there exists a discrete valuation ring R with quotient field K which dominates O{x1},x0 . The inclusion
O{x1},x0 →֒ R induces a flat family (E˜1, E˜2, Φ˜, F∗(E˜1)) of parabolic Λ1D(t)-triples on C × SpecR over
R. Here the left OC×SpecR-homomorphism Φ˜ : Λ1D(t) ⊗ E˜1 → E˜2 corresponds to a pair (φ˜, ∇˜) of an
OC×SpecR-homomorphism φ˜ : E˜1 → E˜2 and a morphism ∇˜ : E˜1 → E˜2 ⊗ Ω1C(t1 + · · · + tn) satisfying
∇˜(as) = φ(s) ⊗ da + a∇˜(s) for a ∈ OC×SpecR and s ∈ E˜1. We also denote (E˜1, E˜2, Φ˜, F∗(E˜1)) by
(E˜1, E˜2, φ˜, ∇˜, F∗(E˜1)). Let η be the generic point of SpecR and ξ be the closed point of SpecR and put
(E1, E2, φ,∇, F∗(E1)) := (E˜1, E˜2, φ˜, ∇˜, F∗(E˜1))⊗K
(E′1, E
′
2, φ
′,∇′, F∗(E′1)) := (E˜1, E˜2, φ˜, ∇˜, F∗(E˜1))⊗ k(ξ).
Note that φ is isomorphic and ∇E = (φ)−1 ◦∇ becomes a connection on E := E1. There exists a filtration
(0, 0) = (F (0),∇(0)) ⊂ (F (1),∇(1)) ⊂ · · · ⊂ (F (s),∇(s)) = (E,∇E)⊗K K ′
such that K ′ is a finite extension field of K and that each (F (p)/F (p−1),∇(p)) ⊗K′ K ′ is irreducible,
where ∇(p) is the connection on F (p)/F (p+1) induced by ∇(p). We may assume that (F (p)/F (p−1),∇(p))
corresponds to the representation ρp. Note that there is a discrete valuation ring R
′ with quotient field K ′
which dominates R. Let ξ′ be the closed point of SpecR′. The filtration {(F (p),∇(p))} induces filtrations
0 = F˜
(0)
1 ⊂ F˜ (1)1 ⊂ · · · ⊂ F˜ (s)1 = E˜1 ⊗R R′
0 = F˜
(0)
2 ⊂ F˜ (1)2 ⊂ · · · ⊂ F˜ (s)2 = E˜2 ⊗R R′
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such that each F˜
(p)
j /F˜
(p−1)
j is flat over R
′ for j = 1, 2 and F˜
(p)
1 ⊗K ′ = F (p), F˜ (p)2 ⊗K ′ = (φ⊗ id)(F (p)).
By construction, we have (φ˜⊗ id)(F˜ (p)1 ) ⊂ F˜ (p)2 and (∇˜ ⊗ id)(F˜ (p)1 ) ⊂ F˜ (p)2 ⊗ Ω1C(t1 + · · ·+ tn). Let
φ˜(p) : F˜
(p)
1 /F˜
(p−1)
1 −→ F˜ (p)2 /F˜ (p−1)2
∇˜(p) : F˜ (p)1 /F˜ (p−1)1 −→ F˜ (p)2 /F˜ (p−1)2 ⊗ Ω1C(t1 + · · ·+ tn)
be the morphisms induced by φ˜ and ∇˜. We can construct a parabolic structure on (F (p)/F (p−1),∇(p)) and
obtain a (t,λ(p))-parabolic connections of rank rp and degree dp. Extending this parabolic structure, we
can obtain a flat family of parabolic structures F∗(F˜
(p)
1 /F˜
(p−1)
1 ) on F˜
(p)
1 /F˜
(p−1)
1 . Repeating elementary
transforms of the flat family
(F˜
(p)
1 /F˜
(p−1)
1 , F˜
(p)
2 /F˜
(p−1)
2 , φ˜
(p), ∇˜(p), F∗(F˜ (p)1 /F˜ (p−1)1 ))
along the special fiber C×{ξ′}, we obtain a flat family (G˜′(p)1 , G˜′
(p)
2 , φ˜
′
(p)
, ∇˜′(p), F∗(G˜′(p)1 )) of (α′p,βp, γp)-
semistable Λ1D(t)-triples for some weight (α
′
p,βp, γp). We may assume that (α
′
p,βp, γp)-semistable ⇔
(α′p,βp, γp)-stable. This flat family defines a morphism
f : SpecR′ −→MD(t),α′p,βp,γpC (rp, dp, {d(p)i }1≤i≤nrp).
Note that the moduli space M
αp
C (t,λ
(p)) of αp-stable (t,λ
(p))-parabolic connections for a certain weight
αp is a locally closed subscheme of M
D(t),α′p,βp,γp
C (rp, dp, {d(p)i }1≤i≤nrp) and the image f(SpecK) is
contained in the moduli space M
αp
C (t,λ
(p)). Since (G˜′
(p)
1 , G˜
′
(p)
2 , φ˜
′
(p)
, ∇˜′(p)) ⊗ K ′ is equivalent to the
irreducible connection (F (p)/F (p−1),∇(p)) which corresponds to a constant family of the irreducible rep-
resentation ρp, we have f(SpecK
′) ⊂ RH−1
(x,λ(p))
(ρp), where RH(x,λ(p)) is the morphism
RH(x,λ(p)) :M
αp
C (t,λ
(p)) −→ RPrp(C, t)a(p)
determined by the Riemann-Hilbert correspondence and rh(λ(p)) = a(p). Since RH−1
(x,λ(p))
(ρp) is compact
by the previous proof and f(SpecK ′) is contained in RH−1
(x,λ(p))
(ρp), the closure of f(SpecK
′) must
be contained in RH−1
(x,λ(p))
(ρp). In particular, f(ξ
′) is contained in RH−1
(x,λ(p))
(ρp) ⊂ MαpC (t,λ(p)).
So the special fiber (G˜′
(p)
1 , G˜
′
(p)
2 , φ˜
′
(p)
, ∇˜′(p), F∗(G˜′(p)1 )) ⊗ k(ξ′) becomes a (t,λ(p))-parabolic connection
which implies that φ˜′
(p) ⊗ k(ξ′) must be isomorphic. Then φ˜(p) ⊗ k(ξ′) also becomes isomorphic and
φ′ = φ˜ ⊗ k(ξ) must be an isomorphism. Thus φ˜ is an isomorphism. Let {l˜(i)j } be the flat family of
parabolic structures corresponding to F∗(E˜1). Then we have (resti(∇˜) − λ(i)j φ˜|ti⊗R)(l˜(i)j ) ⊂ φ˜(l˜(i)j+1).
Thus (E′1, E
′
2, φ
′,∇′, F∗(E′1)) ∈ MαC (t,λ)(R) which is equivalent to x0 ∈ MαC (t,λ). Then we have
x0 ∈ RH−1(x,λ)([ρ]). Therefore RH−1(x,λ)([ρ]) is stable under specialization in MD(t),α
′,β,γ
C (r, d, {di}1≤i≤nr).
Hence RH−1(x,λ)([ρ]) becomes a compact subset of M
α
C (t,λ). 
Proof of Theorem 2.2. We will prove that
RH(x,λ) :M
α
C (t,λ) −→ RPr(C, t)a
is an analytic isomorphism for generic λ and gives an analytic resolution of singularities of RPr(C, t)a
for special λ. First note that RPr(C, t)a is an irreducible variety since by Proposition 6.1 it is the image
of the irreducible variety MαC (t,λ) by RH(x,λ). We set
RPr(C, t)
sing
a
:=
{
[ρ] ∈ RPr(C, t)a
∣∣∣∣∣ ρ is reducible ordim(ker(ρ(γi)− exp(−2π√−1λ(i)j )Ir)) ≥ 2 for some i, j
}
,
where γi is a loop around ti for 1 ≤ i ≤ n. Then we can see that RPr(C, t)singa is a Zariski closed subset of
RPr(C, t)a. We will see that it is a proper closed subset. Since dimM
α
C (t,λ) = 2r
2(g− 1)+nr(r− 1)+2
and RH(x,λ) is surjective, we have dimRPr(C, t)a ≤ 2r2(g − 1) + nr(r − 1) + 2. On the other hand,
RPr(C, t)a is a Zariski closed subset of the r
2(2g + n− 2) + 1 dimensional irreducible variety RPr(C, t)
defined by nr − 1 equations given by
(12) det(XIr − ρ(γi)) = Xr + a(i)r−1Xr−1 + · · ·+ a(i)1 X + a(i)0 (i = 1, . . . , n).
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Note that the equation det(ρ(γ1)) · · · det(ρ(γn)) = 1 = (−1)nra(1)0 · · · a(n)0 is automatically satisfied and
so the condition (12) is in fact equivalent to nr − 1 equations. So we have
dimRPr(C, t)a ≥ r2(2g + n− 2) + 1− (nr − 1) = 2r2(g − 1) + nr(r − 1) + 2
and then we have dimRPr(C, t)a = 2r
2(g − 1) + nr(r − 1) + 2.
First consider the locus RPr(C, t)
irr
a ∩ RPr(C, t)singa in RPr(C, t)singa corresponding to the irreducible
representations. By Proposition 3.1, we can obtain an isomorphism
σ :MC(t,λ) ∼−→MC(t,µ),
where 0 ≤ Re(µ(i)j ) < 1 for any i, j. We note that σ also induces an isomorphism
σ :M irrC (t,λ)
∼−→M irrC (t,µ).
Take any point [ρ] ∈ RPr(C, t)irra ∩ RPr(C, t)singa . By [[4], II, Proposition 5.4], we can take a unique
pair (E,∇) of a vector bundle E on C and a logarithmic connection ∇ : E → E ⊗ Ω1C(t1 + · · · + tn)
such that ker∇an|C\{t1,...,tn} corresponds to the representation ρ and all the eigenvalues of resti(∇) lie
in {z ∈ C|0 ≤ Re(z) < 1}. Then the fiber RH−1(x,µ)([ρ]) is isomorphic to the moduli space of parabolic
structures {l(i)j } on E whose dimension should be positive because µ(i)j = µ(i)j′ for some i and j 6= j′ and
the automorphisms of (E,∇) are only scalar multiplications. So the fiber RH−1(x,λ)([ρ]) also has positive
dimension. For a general point ξ of RPr(C, t)
irr
a ∩RPr(C, t)singa , we have
dimRH−1(x,λ)(ξ) + dimξ
(
RPr(C, t)
irr
a
∩RPr(C, t)singa
) ≤ dimM irrC (t,λ)
= 2r2(g − 1) + nr(r − 1) + 2.
Thus we have dim
(
RPr(C, t)
irr
a ∩RPr(C, t)singa
)
< 2r2(g − 1) + nr(r − 1) + 2 = dimRPr(C, t)a.
Next we consider the locus RPr(C, t)
red
a ⊂ RPr(C, t)singa corresponding to the reducible representations.
For a point [ρ] of RPr(C, t)
red
a
we may write ρ = ρ1 ⊕ ρ2. If ρi is a representation of dimension ri
and its local monodromy data is ai for i = 1, 2, then the set of such [ρ] can be parameterized by
RPr1(C, t)a1 ×RPr2(C, t)a2 . Note that the assumption rn− 2(r + 1) > 0 for g = 0, n ≥ 2 for g = 1 and
n ≥ 1 for g ≥ 2 implies
dim (RPr1(C, t)a1 ×RPr2(C, t)a2) = 2r21(g − 1) + nr1(r1 − 1) + 2 + 2r22(g − 1) + nr2(r2 − 1) + 2
≤ 2(r1 + r2)2(g − 1) + n(r1 + r2)(r1 + r2 − 1)
= dimRPr(C, t)a − 2.
Since RPr(C, t)
red
a can be covered by a finite numbers of the images of such spaces, we have
dimRPr(C, t)
red
a
< 2r2(g − 1) + nr(r − 1) + 2 = dimRPr(C, t)a.
Thus RPr(C, t)
sing
a becomes a proper closed subset of RPr(C, t)a. If we set RPr(C, t)
♯
a := RPr(C, t)a \
RPr(C, t)
sing
a
, then it becomes a non-empty Zariski open subset of RPr(C, t)a. We put M
α
C (t,λ)
♯ :=
RH−1(x,λ)(RPr(C, t)
♯
a
) and consider the restriction
RH(x,λ) |MαC (t,λ)♯ :MαC (t,λ)♯ −→ RPr(C, t)♯a.
Recall that σ induces an isomorphism σ : MαC (t,λ)
♯ ∼−→ MαC (t,µ)♯ which is compatible with RH.
For any point [ρ] of RPr(C, t)
♯
a, we can see by [[4], II, Proposition 5.4] that there is a unique (t,µ)-
parabolic connection (E,∇, {l(i)j }) such that RH(x,µ)((E,∇, {l(i)j }) = [ρ] because the parabolic struc-
ture {l(i)j } is uniquely determined by (E,∇). So RH(x,µ) gives a one to one correspondence between
the points of MαC (t,µ)
♯ and the points of RPr(C, t)
♯
a
. We can extend this correspondence to a cor-
respondence between flat families. Thus the morphism MαC (t,µ)
♯
RH(x,µ)−−−−−→ RPr(C, t)♯a becomes an
isomorphism and so MαC (t,λ)
♯
RH(x,λ)−−−−−→ RPr(C, t)♯a is also an isomorphism. Hence the morphism
RH(x,λ) : M
α
C (t,λ) −→ RPr(C, t)a becomes a bimeromorphic morphism. If λ is generic, we have
MαC (t,λ)
♯ =MαC (t,λ), RPr(C, t)
♯
a
= RPr(C, t)a, and so
RH(x,λ) :M
α
C (t,λ) −→ RPr(C, t)a
is an analytic isomorphism.
In order to prove the properness of RH(x,λ), we will use the following lemma due to A. Fujiki:
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Lemma 6.2. ([7], Lemma 10.3) Let f : X → Y be a surjective holomorphic mapping of irreducible
analytic varieties. Assume that an analytic closed subset S of Y exists such that codimY S ≥ 2, X♯ :=
f−1(Y ♯) is dense in X, where Y ♯ = Y \ S and that the restriction f |X♯ : X♯ → Y ♯ is an analytic
isomorphism. Moreover assume that the fibers f−1(y) are compact for all y ∈ Y . Then f is a proper
mapping.
Applying the above lemma and using Proposition 6.1 and Proposition 6.2, it suffices to prove that
codimRPr(C,t)a(RPr(C, t)
sing
a ) ≥ 2 in order to obtain the properness of RH(x,λ). Recall that we have
dimRPr(C, t)
red
a
≤ dimRPr(C, t)a − 2. On the other hand, MαC (t,λ)♯ is a non-empty Zariski open
subset of MαC (t,λ) and so we have dim
(
MαC (t,λ) \MαC (t,λ)♯
) ≤ dimMαC (t,λ)−1. Since the dimension
of every fiber of the surjective morphism
M irrC (t,λ) \MαC (t,λ)♯
RH(x,λ)−−−−−→ RPr(C, t)singa ∩RPr(C, t)irra
has positive dimension, we have
dim
(
RPr(C, t)
sing
a
∩RPr(C, t)irra
) ≤ dim (M irrC (t,λ) \MαC (t,λ)♯)− 1
≤ dimMαC (t,λ)− 1− 1 = dimRPr(C, t)a − 2.
Thus we have codimRPr(C,t)a(RPr(C, t)
sing
a ) ≥ 2 and obtain the properness of RH(x,λ) by Lemma 6.2. In
particular, RH(x,λ) : M
α
C (t,λ) → RPr(C, t)a gives an analytic resolution of singularities of RPr(C, t)a
for special λ. By the same argument, we can see that the morphism
RH : MαC/T (t˜, r, d)×T T˜ −→ (RPr(C, t˜)×T T˜ )×A(n)r Λ
(n)
r (d)
is also a proper mapping. The existence of a symplectic structure is given in Proposition 7.1. 
Remark 6.2. Under the assumption of Theorem 2.2, RPr(C, t)a is a normal variety and the locus
RPr(C, t)
sing
a
=
{
[ρ] ∈ RPr(C, t)a
∣∣∣∣∣ ρ is reducible ordim(ker(ρ(γi)− exp(−2π√−1λ(i)j )Ir)) ≥ 2 for some i, j
}
is just the singular locus of RPr(C, t)a.
Proof. Note that RPr(C, t) is a Cohen-Macaulay irreducible variety by [[5], Theorem 4 (2)]. In the proof
of Theorem 2.2, we showed that RPr(C, t)a is a Zariski closed subset of RPr(C, t) defined by nr − 1
equations and it is of codimension nr − 1 in RPr(C, t). Thus RPr(C, t)a is Cohen-Macaulay. Since
RPr(C, t)
♯
a is isomorphic to M
α
C (t,λ)
♯, RPr(C, t)
♯
a is smooth. So RPr(C, t)a is regular in codimension
one because codimRPr(C,t)a(RPr(C, t)
sing
a
) ≥ 2. Therefore RPr(C, t)a is a normal variety by Serre’s
criterion for normality.
We will prove that every fiber of RH(x,λ) over a point of RPr(C, t)
sing
a has positive dimension. For
a point [ρ] ∈ RPr(C, t)irra ∩ RPr(C, t)singa , we have already showed in the proof of Theorem 2.2 that
dimRH−1(x,λ)([ρ]) ≥ 1. So take a point [ρ] ∈ RPr(C, t)reda . By Proposition 3.1, we can take an isomorphism
σ :MC(t,λ) ∼−→MC(t,µ),
where 0 ≤ Re(µ(i)j ) < 1 for any i, j.
First we assume that ρ is an extension of two irreducible representations ρ1, ρ2 and that µ
(i)
j 6= µ(i)j′ for
any j 6= j′ and any i. We denote the dimension of ρi by ri. Since RH(x,λ) is surjective by Proposition 6.1,
there is an α-stable (t,λ)-parabolic connection (E,∇E , {l(i)j }) such that RH(x,λ)(E,∇E , {l(i)j }) = [ρ].
We put σ(E,∇E , {l(i)j }) = (E′,∇E′ , {l′(i)j }). Since µ(i)j 6= µ(i)j′ for any j 6= j′ and any i, the parabolic
structure {l′(i)j } is uniquely determined by (E′,∇E′). So we have
End(E′,∇E′) = End(E′,∇E′ , {l′(i)j }) ∼= End(E,∇E , {l(i)j })
which is isomorphic to C because (E,∇E , {l(i)j }) is α-stable. Then (E′,∇E′) can not split. Thus the
representation ρE′ corresponding to ker∇anE′ |C\{t1,...,tn} can not split and so we may assume that ρE′ is
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given by matrices
ρE′(αk) =
(
ρ1(αk) A
(0)
k
0 ρ2(αk)
)
ρE′(βk) =
(
ρ1(βk) B
(0)
k
0 ρ2(βk)
)
ρE′(γi) =
(
ρ1(γi) C
(0)
i
0 ρ2(γi)
)
(1 ≤ k ≤ g, 1 ≤ i ≤ n− 1).
Note that ρE′(γn) is uniquely determined by the above data. Consider the family of representations over
M(r1, r2,C)
2g+n−1 given by matrices
ρ˜(αk) =
(
ρ1(αk) A
(0)
k +Ak
0 ρ2(αk)
)
ρ˜(βk) =
(
ρ1(βk) B
(0)
k +Bk
0 ρ2(βk)
)
ρ˜(γi) =
(
ρ1(γi) C
(0)
i + Ci
0 ρ2(γi)
)
(1 ≤ k ≤ g, 1 ≤ i ≤ n− 1),
where matrices Ak, Bk(1 ≤ k ≤ g), Ci(1 ≤ i ≤ n − 1) move around in M(r1, r2,C)2g+n−1. Applying
the relative version of [[4], II, Proposition 5.4] and the transform σ−1, we can obtain an analytic flat
family (E˜, ∇˜, {l˜(i)j }) of (t,λ)-parabolic connections on C ×M(r1, r2,C)2g+n−1 over M(r1, r2,C)2g+n−1
which corresponds to ρ˜. We denote the point of M(r1, r2,C)
2g+n−1 corresponding to Ak = Bk = Ci = 0
(1 ≤ k ≤ g, 1 ≤ i ≤ n− 1) by p0. Then the fiber of (E˜, ∇˜, {l˜(i)j }) over p0 is just (E,∇E , {l(i)j }) which is
α-stable. So there is an analytic open neighborhood U of p0 such that every fiber of (E˜, ∇˜, {l˜(i)j }) over a
point of U is α-stable. Then the family (E˜, ∇˜, {l˜(i)j })U induces a morphism f : U →MαC (t,λ) such that
f(U) ⊂ RH−1(x,λ)([ρ]). The group
G =
{(
uIr1 V
0 Ir2
)∣∣∣∣ u ∈ C×V ∈M(r1, r2,C)
}
acts on M(r1, r2,C)
2g+n−1 by the adjoint action. If f(x) = f(y), then there is an element g ∈ G such
that x = gy. So we have dim f(U) ≥ (2g + n− 1)r1r2 − (r1r2 + 1) ≥ 1, since we assume rn− 2r − 2 > 0
if g = 0, n ≥ 2 if g = 1 and n ≥ 1 if g ≥ 2. In particular, we have dimRH−1(x,λ)([ρ]) ≥ 1.
Next we consider the case r ≥ 3 or n ≥ 2 and no assumption on the reducible representation ρ. We
may assume that ρ is an extension of two representations ρ1, ρ2 and denote the dimension of ρi by ri. For
each p = 1, 2, there is an αp-stable (t,µp)-parabolic connection (Ep,∇Ep , {(lp)(i)j }) for some weight αp
such that RH(x,µp)(Ep,∇Ep , {(lp)
(i)
j }) = [ρp] and 0 ≤ Re((µp)(i)j ) < 1 for any i, j. We put dp := degEp.
If we put ∆ := {z ∈ C||z| < ǫ} (ǫ > 0), then we can take morphisms
mp : ∆ −→ Λ(n)rp (dp) (p = 1, 2)
such that mp(0) = µp and for mp(t) = {(µ′p)(i)j } (t ∈ ∆ \ {0}), we have (µ′p)(i)j 6= (µ′p′ )(i)j′ for (p, i, j) 6=
(p′, i, j′). Replacing ∆ by a neighborhood of 0, we can take a morphism ϕp : ∆ −→MαpC (t, rp, dp) which
is a lift of mp and satisfies ϕp(0) = (Ep,∇Ep , {(lp)(i)j }). The composite RH ◦ϕp determines a family ρ˜p of
representations over ∆ and ρ˜1⊕ρ˜2 determines a morphism ϕ : ∆→ RPr(C, t) such that ϕ(0) = [ρ] and for
t ∈ ∆\{0}, the representation corresponding to ϕ(t) satisfies the condition considered in the former case.
Then we have dimRH−1(ϕ(t)) ≥ 1 for any t ∈ ∆ \ {0} by the proof of the former case. Since the base
change RH∆ : M
α
C (t, r, d)∆ → ∆ is a proper morphism, we can see by the upper semi-continuity of the
fiber dimension of a holomorphic mapping that dim(RH∆)
−1(0) ≥ 1, which means dimRH−1(x,λ)([ρ]) ≥ 1.
Finally assume that r = 2 and n = 1. Let ρ be a reducible representation such that [ρ] = [ρ1 ⊕ ρ2]
in RP2(C, t). In this case we have g ≥ 2 by the assumption of Theorem 2.2. By Proposition 6.1, we
can take an α-stable (t,λ)-parabolic connection (E,∇, {l(i)j }) such that RH(E,∇, {l(i)j }) = [ρ]. We
put σ(E,∇, {l(i)j }) = (E′,∇′, {(l′)(i)j }). Note that the local monodromy ρi(γ1) is trivial for i = 1, 2,
because ρi is a one dimensional representation and n = 1. So the representation ρE′ corresponding to
ker(∇′)an|C\{t1,...,tn} can be given by the following data:
ρE′(αk) =
(
ρ1(αk) a
(0)
k
0 ρ2(αk)
)
ρE′(βk) =
(
ρ1(βk) b
(0)
k
0 ρ2(βk)
)
(1 ≤ k ≤ g).
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Note that the monodromy matrix
ρE′(γ1) =
(
1 c(0)
0 1
)
is given by
ρE′(βg)ρE′(αg)ρE′(βg)
−1ρE′(αg)
−1 · · · ρE′(β1)ρE′(α1)ρE′(β1)−1ρE′(α1)−1.
By the upper semi-continuity of fiber dimension, we may assume that ρ1 6∼= ρ2. If c(0) 6= 0, then we can
prove in the same manner as the first case that dim
(E,∇,{l
(i)
j })
RH−1(x,λ)([ρ]) ≥ 2g−2 > 0. If c(0) = 0, then
we may assume by the upper semi-continuity of fiber dimension that l
(1)
1 6=
{(
∗
0
)}
. Consider the family
of representations given by matrices
ρ˜(αk) =
(
ρ1(αk) a
(0)
k + ak
0 ρ2(αk)
)
ρ˜(βk) =
(
ρ1(βk) b
(0)
k + bk
0 ρ2(βk)
)
(1 ≤ k ≤ g),
where ak, bk (1 ≤ k ≤ g) move around in {ck = 0} ⊂ C2g. Here ck is given by(
1 ck
0 1
)
= ρ˜(βg)ρ˜(αg)ρ˜(βg)
−1ρ˜(αg)
−1 · · · ρ˜(β1)ρ˜(α1)ρ˜(β1)−1ρ˜(α1)−1.
Adding parabolic structure, we can obtain a family (E˜′, ∇˜′, {(l˜′)(i)j }) of (t,µ)-parabolic connections over
a variety Y of dimension at least 2g. If we put
Y ′ :=
{
y ∈ Y
∣∣∣σ−1(E˜′, ∇˜′, {(l˜′)(i)j })⊗ k(y) is α-stable}
we obtain a morphism f ′ : Y ′ → MαC (t,λ). We can see that f ′(y1) = f ′(y2) if and only if there is an
isomorphism ϕ : (E˜′, ∇˜′) ⊗ k(y1) ∼→ (E˜′, ∇˜′) ⊗ k(y2) such that ϕ((l˜′)(i)j ⊗ k(y1)) = (l˜′)(i)j ⊗ k(y2). The
isomorphism ϕ corresponds to the isomorphisms between the representations ρ˜y1 , ρ˜y2 which is given by
an element of the group {(
c a
0 1
)∣∣∣∣ c ∈ C×, a ∈ C
}
.
So we have dim f ′(Y ′) = dimY ′−2 ≥ 2g−2 > 0. Since f ′(Y ′) ⊂ RH−1(x,λ)([ρ]), we have dimRH−1(x,λ)([ρ]) >
0.
From all the above argument, we have in any case that dimRH−1(x,λ)([ρ]) ≥ 1 for any [ρ] ∈ RPr(C, t)singa .
Now take any point p ∈ RPr(C, t)singa . We want to show that p is a singular point of RPr(C, t)a. Assume
that p is a non-singular point of RPr(C, t)a. By Proposition 7.2, there is a non-degenerate 2-form ω
on MαC (t,λ). Via an isomorphism M
α
C (t,λ)
♯ RH→ RPr(C, t)♯a, we can obtain a non-degenerate 2-form
ω′ on RPr(C, t)
♯
a
such that RH∗(x,λ)(ω
′) = ω|MαC (t,λ)♯ . Then ω′ can be extended to a form defined
also in a neighborhood of p because codimRPr(C,t)a(RPr(C, t)
sing
a
) ≥ 2 and we are assuming that p is
a non-singular point. Since dimxRH
−1
(x,λ)(p) ≥ 1 for a point x ∈ RH−1(x,λ)(p), there is a tangent vector
0 6= v ∈ ΘMαC (t,λ),x such that (RH(x,λ))∗(v) = 0. For any tangent vector w ∈ ΘMαC (t,λ),x, we have
ω(v, w) = (RH∗(x,λ) ω
′)(v, w) = ω′((RH(x,λ))∗(v), (RH(x,λ))∗(w)) = 0.
Since ω determines a non-degenerate pairing on the tangent space ΘMαC (t,λ),x, we have v = 0 which is a
contradiction. Thus p is a singular point of RPr(C, t)a. 
7. Symplectic structure on the moduli space
Proposition 7.1. Put (C, t) = (Cx, t˜x) for a point x ∈ T and take a point λ ∈ Λ(n)r (d). Then the moduli
space MαC (t,λ) has a holomorphic symplectic structure (more precisely an algebraic symplectic structure).
We can obtain the above Proposition by the following two propositions.
Proposition 7.2. There is a nondegenerate relative 2-form ω ∈ H0(MαC/T (t˜, r, d),Ω2Mα
C/T
(t˜,r,d)/T×Λ
(n)
r (d)
).
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Proof. Take a universal family (E˜, ∇˜, {l˜(i)j }) on C ×T MαC/T (t˜, r, d). We define a complex F• by
F0 =
{
s ∈ End(E˜)
∣∣∣s|t˜i×MαC/T (t˜,r,d)(l˜(i)j ) ⊂ l˜(i)j for any i, j
}
F1 =
{
s ∈ End(E˜)⊗ Ω1C/T (D(t˜))
∣∣∣rest˜i×MαC/T (t˜,r,d)(s)(l˜(i)j ) ⊂ l˜(i)j+1 for any i, j
}
and
∇F• : F0 ∋ s 7→ ∇˜ ◦ s− s ◦ ∇˜ ∈ F1.
Notice that there is an isomorphism of sheaves
R1(πMα
C/T
(t˜,r,d))∗(F•) ∼−→ ΘMα
C/T
(t˜,r,d)/T×Λ
(n)
r (d)
,
where πMα
C/T
(t˜,r,d) : C ×T MαC/T (t˜, r, d)→MαC/T (t˜, r, d) is the projection and ΘMα
C/T
(t˜,r,d)/T×Λ
(n)
r (d)
is the
relative algebraic tangent bundle on the moduli space. For each affine open subset U ⊂MαC/T (t˜, r, d), we
define a pairing
H1(C ×T U,F•U )⊗H1(C ×T U,F•U ) −→ H2(C ×T U,Ω•C×TU/U ) ∼= H0(OU )
[{uαβ}, {vα}]⊗ [{u′αβ}, {v′α}] 7→ [{Tr(uαβ ◦ u′βγ)} − {Tr(uαβ ◦ v′β)− Tr(vα ◦ u′αβ)}],
where we consider in C˘ech cohomology with respect to an affine open covering {Uα} of C ×T U , {uαβ} ∈
C1(F0), {vα} ∈ C0(F1) and so on. This pairing determines a pairing
(13) ω : R1(πMα
C/T
(t˜,r,d))∗(F•)⊗R1(πMα
C/T
(t˜,r,d))∗(F•) −→ OMα
C/T
(t˜,r,d).
Take any point x ∈ MαC/T (t˜, r, d) which corresponds to a (t,λ)-parabolic connection (E,∇, {l(i)j }). A
tangent vector v ∈ Θ
Mα
C/T
(t˜,r,d)/T×Λ
(n)
r (d)
|x corresponds to a flat family of (t,λ)-parabolic connections
(E˜, ∇˜, {l˜(i)j }) on Cx × SpecC[ǫ]/(ǫ2) over C[ǫ]/(ǫ2) which is a lift of (E,∇, {l(i)j }). We can see that
ω|x(v ⊗ v) ∈ H0(Ω•Cx)
Tr−1−−−→
∼
H2(F•x) is just the obstruction class for the lifting of (E˜, ∇˜, {l˜(i)j }) to a
flat family over C[ǫ]/(ǫ3). Since the moduli space MαCx(t,λ) is smooth, this obstruction class vanishes:
ω|x(v⊗ v) = 0. Thus ω is skew symmetric and determines a 2-form. For each point x ∈MαC/T (t˜, r, d), let
H1(F•x)
ξ−→ H1(F•x)∨
be the homomorphism induced by ω. Then we have the following exact commutative diagram
H0(F0x) −−−−→ H0(F1x) −−−−→ H1(F•x) −−−−→ H1(F0x) −−−−→ H1(F1x)
b1
y b2y ξy b3y b4y
H1(F1x)∨ −−−−→ H1(F0x)∨ −−−−→ H1(F•x)∨ −−−−→ H0(F1x)∨ −−−−→ H0(F0x)∨,
where b1, . . . , b4 are isomorphisms induced by the isomorphisms F0 ∼= (F1)∨⊗Ω1C/T , F1 ∼= (F0)∨⊗Ω1C/T
and Serre duality. So ξ becomes an isomorphism by five lemma. Hence ω is non-degenerate. 
Proposition 7.3. For the 2-form constructed in Proposition 7.2, we have dω = 0.
Proof. It suffices to show that the restriction of ω to any general fiber MαCx(t,λ) over T × Λ
(n)
r (d) is
d-closed. We may assume λ generic, and so λ
(i)
j − λ(i)j′ 6∈ Z for any i and j 6= j′. We also denote the
restriction by ω. Let (E˜, ∇˜, {l˜(i)j }) be a universal family on Cx ×MαCx(t,λ) over MαCx(t,λ). We set
F0 :=
{
s ∈ End(E˜)
∣∣∣s|ti×MαCx (t,λ)(l˜(i)j ) ⊂ l˜(i)j for any i, j}
F1 :=
{
s ∈ End(E˜)⊗ Ω1Cx(t1 + · · ·+ tn)
∣∣∣resti×MαCx (t,λ)(s)(l˜(i)j ) ⊂ l˜(i)j+1 for any i, j}
∇F• : F0 −→ F1; ∇F•(s) = ∇˜ ◦ s− s ◦ ∇˜.
We also put
V := ker ∇˜an|(Cx\{t1,...,tn})×MαCx (t,λ).
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Since there is a canonical isomorphism
ker∇anF• |(Cx\{t1,...,tn})×MαCx (t,λ)
∼−→ End(V),
we obtain a canonical homomorphism
(14) ker∇anF• |Cx×MαCx (t,λ) −→ j∗(End(V)),
where j : (Cx\{t1, . . . , tn})×MαCx(t,λ) →֒ Cx×MαCx(t,λ) is the canonical inclusion. We will show by local
calculations that the homomorphism (14) is in fact an isomorphism. We can see by [[4], II, Proposition
5.4] that there is an isomorphism
(E˜an(ti,y), ∇˜an(ti,y)) ∼=
(
(OanC×Mα
Cx
(t,λ),(ti,y)
)⊕r,∇λ
)
,
on the stalks at (ti, y) ∈ Cx×MαCx(t,λ), where ∇λ :
(
OanCx×MαCx (t,λ),(ti,y)
)⊕r
→
(
OanCx×MαCx (t,λ),(ti,y)
)⊕r
⊗
Ω1Cx×MαCx (t,λ)/M
α
Cx
(t,λ)(ti ×MαCx(t,λ)) is given by
∇λ

f1...
fr

 =

df1...
dfr

 +


λ
(i)
r−1z
−1
i dzi 0 0
0
. . . 0
0 0 λ
(i)
0 z
−1
i dzi



f1...
ff

 ,
where zi is a generator of the maximal ideal of OCx,ti . With respect to this isomorphism, we have
(F0)an(ti,y) =



f1,1 · · · f1,r... . . . ...
fr,1 · · · fr,r


∣∣∣∣∣∣∣
fp,q ∈ ziOanCx×MαCx (t,λ),(ti,y) for p > q and
fp,q ∈ OanCx×MαCx (t,λ),(ti,y) for p ≤ q


(F1)an(ti,y) =



g1,1 · · · g1,r... . . . ...
gr,1 · · · gr,r


∣∣∣∣∣∣∣
gp,q ∈ OanCx×MαCx (t,λ),(ti,y)dzi for p ≥ q and
gp,q ∈ OanCx×MαCx (t,λ),(ti,y)dzi/zi for p < q


and (∇F•)an(ti,y) : (F0)an(ti,y) → (F1)an(ti,y) is given by

f1,1 f1,2 · · · f1,r
f2,1 f2,2 · · · f2,r
...
...
. . .
...
fr,1 fr,2 · · · fr,r

 7→


df1,1 df1,2 · · · df1,r
df2,1 df2,2 · · · df2,r
...
...
. . .
...
dfr,1 dfr,2 · · · dfr,r


+


0 (λ
(i)
r−1 − λ(i)r−2)f1,2dzi/zi · · · (λ(i)r−1 − λ(i)0 )f1,rdzi/zi
(λ
(i)
r−2 − λ(i)r−1)f2,1dzi/zi 0 · · · (λ(i)r−2 − λ(i)0 )f2,rdzi/zi
...
...
. . .
...
(λ
(i)
0 − λ(i)r−1)fr,1dzi/zi (λ(i)0 − λ(i)r−2)fr,2dzi/zi · · · 0

 .
Take any element

f1,1 f1,2 · · · f1,r
f2,1 f2,2 · · · f2,r
...
...
. . .
...
fr,1 fr,2 · · · fr,r

 ∈ j∗(End(V))(ti,y) = j∗
(
ker∇anF• |(Cx\{t1,...,tn})×MαCx (t,λ)
)
(ti,y)
For j 6= k, we have fj,k = cj,kzλ
(i)
r−k−λ
(i)
r−j
i for some function cj,k ∈ OanMα
Cx
(t,λ),y Since fj,k is a single valued
function on (U \ {ti}) ×M for some open neighborhood U of ti in Cx and some open neighborhood M
of y in MαCx(t,λ) and λ
(i)
r−k − λ(i)r−j /∈ Z, we have cj,k = 0, namely fj,k = 0. On the other hand, we have
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dfj,j = 0 for j = 1, . . . , r. So we have fj,j ∈ OanMα
Cx
(t,λ),y. Thus we have

f1,1 f1,2 · · · f1,r
f2,1 f2,2 · · · f2,r
...
...
. . .
...
fr,1 fr,2 · · · fr,r

 ∈ (F0)an(ti,y) ∩ j∗(ker∇anF• |Cx\{t1,...,tn})(ti,y) =
(
ker∇anF• |Cx×MαCx (t,λ)
)
(ti,y)
So the homomorphism (14) is surjective. The injectivity of (14) is obvious. Thus (14) is isomorphic.
Next we will show that ∇anF• : (F0)an → (F1)an is surjective. For this it is essential to show the
surjectivity of the morphism
(∇F•)an(ti,y) : (F0)an(ti,y) −→ (F1)an(ti,y) ((ti, y) ∈ Cx ×MαCx(t,λ))
at the stalks. Take any member 
g1,1 · · · g1,r... . . . ...
gr,1 · · · gr,r

 ∈ (F1)an(ti,y).
For p > q we can write gp,q =
∑∞
k=0 b
(k)
p,qzki dzi, where b
(k)
p,q ∈ OanMα
Cx
(t,λ),y for k ≥ 0. We define a power series
fp,q =
∑∞
k=0 a
(k)
p,qzki by a
(0)
p,q := 0 and a
(k)
p,q := (k + λ
(i)
r−p − λ(i)r−q)−1b(k−1)p,q for k ≥ 1. Since
∑∞
k=0 b
(k)
p,qzki is a
convergent power series, we can see that
∑∞
k=0 a
(k)
p,qzki is also convergent. So we have fp,q :=
∑∞
k=0 a
(k)
p,qzki ∈
OanCx×MαCx (t,λ),(ti,y) and dfp,q+(λ
(i)
r−p−λ(i)r−q)fp,qdzi/zi = gp,q. For gp,p ∈ OanCx×MαCx (t,λ),(ti,y)dzi, we can find
fp,p ∈ OanCx×MαCx (t,λ),(ti,y) such that dfp,p = gp,p. For p < q, we can write gp,q =
∑∞
k=0 b
(k)
p,qz
k−1
i dzi with
b
(k)
p,q ∈ OanMα
Cx
(t,λ),y for k ≥ 0. For each k ≥ 0, we put a(k)p,q := (k+λ(i)r−p−λ(i)r−q)−1b(k)p,q . Since
∑∞
k=0 b
(k)
(p,q)z
k
i is
convergent, we can see that fp,q :=
∑∞
k=0 a
(k)
p,qzki is also convergent. So we have fp,q ∈ OanCx×MαCx (t,λ),(ti,y)
and dfp,q + (λ
(i)
r−p − λ(i)r−q)fp,qdzi/zi = gp,q. By construction, we have
f1,1 · · · f1,r... . . . ...
fr,1 · · · fr,r

 ∈ (F0)an(ti,y)
and
(∇F•)an(ti,y)

f1,1 · · · f1,r... . . . ...
fr,1 · · · fr,r

 =

g1,1 · · · g1,r... . . . ...
gr,1 · · · gr,r

 .
Hence we obtain the surjectivity of ∇anF• : (F0)an → (F1)an.
So we obtain an isomorphism
R1(πMα
Cx
(t,λ))∗((F•)an) ∼−→ R1(πMα
Cx
(t,λ))∗(j∗(End(V)))
of analytic sheaves. Then ω corresponds to a canonical pairing
R1(πMα
Cx
(t,λ))∗(j∗(End(V))) ×R1(πMα
Cx
(t,λ))∗(j∗(End(V))) −→ R2(πMα
Cx
(t,λ))∗(π
−1
Mα
Cx
(t,λ)(OMαCx (t,λ)))
([{cαβ}], [{c′αβ}]) 7→ [{Tr(cαβ ◦ c′βγ)}].
Note that R2(πMα
Cx
(t,λ))∗(π
−1
Mα
Cx
(t,λ)(OMαCx (t,λ))) ∼= OMαCx (t,λ).
Take any small open subsetM ⊂MαCx(t,λ) and an open covering {Uα} of Cx such that ♯{α|ti ∈ Uα} = 1
for any i and that ♯(Uα ∩ {t1, . . . , tn}) ≤ 1 for any α. If we replace Uα and M sufficiently smaller,
there exist a sheaf Eα on Uα such that Eα|Uα∩Uβ ∼= C⊕r
2
Uα∩Uβ
for any β 6= α and an isomorphism
φα : j∗(V)|Uα×M ∼→ Eα ⊗OM . For each α, β, we put
ϕαβ := φα ◦ φ−1β : Eβ ⊗OM |(Uα∩Uβ)×M
φ−1β−→ j∗(V)|(Uα∩Uβ)×M
φα−→ Eα ⊗OM |(Uα∩Uβ)×M .
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So j∗(V)|Cx×M is given by the transition functions {ϕαβ}. Next we consider a vector field v ∈ H0(M,ΘM ).
Then v corresponds to a derivation Dv : OM → OM which naturally induces a morphism
Dv : Hom(Eβ |Uα∩Uβ , Eα|Uα∩Uβ )⊗OM −→ Hom(Eβ |Uα∩Uβ , Eα|Uα∩Uβ )⊗OM .
We note that v also corresponds to a morphism fv : SpecOM [ǫ] → M , where ǫ2 = 0. Then (1Cx ×
fv)
∗(j∗(V)) corresponds to the glueing data {(1Cx × fv)∗(ϕαβ)}. We can see the following equality:
(1Cx × fv)∗(ϕαβ) = ϕαβ + ǫDv(ϕαβ) : Eβ |Uα∩Uβ ⊗OM [ǫ] ∼−→ Eα|Uα∩Uβ ⊗OM [ǫ]
a+ ǫb 7→ ϕαβ(a) + ǫ(ϕαβ(b) +Dv(ϕαβ)(a)).
So the isomorphism ΘM ∼= R1(πM )∗(j∗(End(V))M ) is given by
ΘM ∋ v 7→ [{φ−1α ◦Dv(ϕαβ) ◦ φβ}] ∈ R1(πM )∗(j∗(End(VM ))).
and
ω(u, v) = [{Tr(Du(ϕαβ) ◦Dv(ϕβγ) ◦ ϕγα)}] ∈ R2(πM )∗(π−1M (OM )) ∼= OM .
Thus we have
dω(u, v, w) = Du(ω(v, w)) +Dv(ω(w, u)) +Dw(ω(u, v)) + ω(w, [u, v]) + ω([u,w], v) + ω(u, [v, w])
=
{
Tr
(
Du(Dv(ϕαβ) ◦Dw(ϕβγ) ◦ ϕγα) +Dv(Dw(ϕαβ) ◦Du(ϕβγ) ◦ ϕγα)
+Dw(Du(ϕαβ) ◦Dv(ϕβγ) ◦ ϕγα) +Dw(ϕαβ) ◦ (DuDv −DvDu)(ϕβγ) ◦ ϕγα
+ (DuDw −DwDu)(ϕαβ) ◦Dv(ϕβγ) ◦ ϕγα +Du(ϕαβ) ◦ (DvDw −DwDv)(ϕβγ) ◦ ϕγα
)}
=
{
Tr
(
DuDv(ϕαβ) ◦Dw(ϕβγ) ◦ ϕγα +Dw(ϕαβ) ◦DuDv(ϕβγ) ◦ ϕγα
+DuDw(ϕαβ) ◦Dv(ϕβγ) ◦ ϕγα +Dv(ϕαβ) ◦DuDw(ϕβγ) ◦ ϕγα
+DvDw(ϕαβ) ◦Du(ϕβγ) ◦ ϕγα +Du(ϕαβ) ◦DvDw(ϕβγ) ◦ ϕγα
+Du(ϕαβ) ◦Dv(ϕβγ) ◦Dw(ϕγα) +Dv(ϕαβ) ◦Dw(ϕβγ) ◦Du(ϕγα)
+Dw(ϕαβ) ◦Du(ϕβγ) ◦Dv(ϕγα)
)}
.
On the other hand, applying DuDvDw to ϕαβ ◦ ϕβγ = ϕαγ , we obtain the equality
−DuDvDw(ϕαβ)ϕβγ +DuDvDw(ϕαγ)− ϕαβDuDvDw(ϕβγ)
= DuDv(ϕαβ) ◦Dw(ϕβγ) +Dw(ϕαβ) ◦DuDv(ϕβγ)
+DuDw(ϕαβ) ◦Dv(ϕβγ) +Dv(ϕαβ) ◦DuDw(ϕβγ)
+DvDw(ϕαβ) ◦Du(ϕβγ) +Du(ϕαβ) ◦DvDw(ϕβγ)
which implies
−d{Tr(DuDvDw(ϕαβ)ϕβα)} =
{
Tr
(
DuDv(ϕαβ) ◦Dw(ϕβγ) ◦ ϕγα +Dw(ϕαβ) ◦DuDv(ϕβγ) ◦ ϕγα
+DuDw(ϕαβ) ◦Dv(ϕβγ) ◦ ϕγα +Dv(ϕαβ) ◦DuDw(ϕβγ) ◦ ϕγα
+DvDw(ϕαβ) ◦Du(ϕβγ) ◦ ϕγα +Du(ϕαβ) ◦DvDw(ϕβγ)) ◦ ϕγα
)}
.
We can also check the equality
Tr
(
Du(ϕαβ) ◦Dv(ϕβγ) ◦Dw(ϕγα) +Dv(ϕαβ) ◦Dw(ϕβγ) ◦Du(ϕγα)
+Dw(ϕαβ) ◦Du(ϕβγ) ◦Dv(ϕγα)
)
= Tr
(
−Du(ϕαβ)Dv(ϕβα)Dw(ϕαβ)ϕβα +Du(ϕαγ)Dv(ϕγα)Dw(ϕαγ)ϕγα
− ϕαβDu(ϕβγ)Dv(ϕγβ)Dw(ϕβγ)ϕγα
)
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which means
− d{Tr(Du(ϕαβ)Dv(ϕβα)Dw(ϕαβ)ϕβα)}
=
{
Tr
(
Du(ϕαβ) ◦Dv(ϕβγ) ◦Dw(ϕγα) +Dv(ϕαβ) ◦Dw(ϕβγ) ◦Du(ϕγα)
+Dw(ϕαβ) ◦Du(ϕβγ) ◦Dv(ϕγα)
)}
.
Thus we can see that dω(u, v, w) = 0. 
Remark 7.1. (1) Put (C, t) = (Cx, t˜x) for a point x ∈ T and take λ ∈ Λ(n)r (d). Let (L,∇L) be a pair
of a line bundle L on C and a connection ∇L : L → L ⊗ Ω1C(D(t)) such that resti(∇L) =
∑r−1
j=0 λ
(i)
j .
Consider the moduli space MαC (t,λ, L) of α-stable parabolic connections with the determinant (L,∇L).
Then we can see by the same proof as Proposition 7.2 that the restriction ω|MαC (t,λ,L) of ω toMαC (t,λ, L)
is also non-degenerate. So MαC (t,λ, L) also has a symplectic structure.
(2) By Proposition 8.1, we obtain a splitting Θ
Mα
C/T
(t˜,r,d)/Λ
(n)
r (d)
∼= π∗ΘT ⊕ ΘMα
C/T
(t˜,r,d)/T×Λ
(n)
r (d)
. With
respect to this splitting, we can lift ω to ω˜ ∈ H0(Ω2
Mα
C/T
(t˜,r,d)/Λ
(n)
r (d)
) and we have dω˜ = 0. This 2-form
ω˜ is nothing but the 2-form considered in [10] and [11]. Note that we have ω˜ · v = 0 for v ∈ D(π∗ΘT ),
where D is the homomorphism given in Proposition 8.1.
8. Isomonodromic deformation
Let T˜ → T be a universal covering. Then RPr(C, t˜)×T T˜ → T˜ becomes a trivial fibration and we can
consider the set of constant sections
F ♯R =
{
σ : T˜ → RPr(C, t˜)♯ ×T T˜
}
,
where
RPr(C, t˜)♯ =
∐
(x,a)∈T×A
(n)
r
RPr(Cx, t˜x)♯a.
The pull back F˜ ♯M = {RH−1(σ)} of this constant sections determines a foliation on MαC/T (t˜, r, d)♯ ×T T˜
where MαC/T (t˜, r, d)
♯ = RH−1(RPr(C, t˜)♯). This foliation corresponds to a subbundle determined by a
splitting
D♯ : π˜∗(Θan
T˜
)→ Θan
Mα
C/T
(t˜,r,d)♯×T T˜
of the analytic tangent map
Θan
Mα
C/T
(t˜,r,d)♯×T T˜
−→ π˜∗Θan
T˜
→ 0,
where π˜ :MαC/T (t˜, r, d)
♯×T T˜ → T˜ is the projection. We will show that this splitting D♯ is in fact induced
by a splitting
D : π∗(ΘT )→ ΘMα
C/T
(t˜,r,d)
of the algebraic tangent bundle, where π : MαC/T (t˜, r, d) → T is the projection. This splitting is nothing
but the differential equation determined by the isomonodromic deformation.
Usually, the equation of the isomonodromic deformation is given by the following way: Assume C = P1
and take a Zariski open set U ⊂ Mα
P1×T/T (t˜, r, 0) such that a universal family on P
1 × U is given by
(O⊕r
P1×U ,∇, {l˜
(i)
j }), where ∇ is given by a connection matrix
n∑
i=1
Aidz
z − ti (Ai = (a
(i)
jk )1≤j,k≤r ∈Mr(OU )).
Then the differential equation of the isomonodromic deformation is given by
(15)
∂Ai
∂tj
= − [Ai, Aj ]
ti − tj (ti 6= tj),
∂Ai
∂ti
=
∑
k 6=i
[Ai, Ak]
ti − tk .
The equation (15) is called the Schlesinger equation and it is needless to say that this equation plays a great
role in explicit description of many differential equations arising from the isomonodromic deformation.
However, U and the equation (15) do not have the geometric Painleve´ property. For example, take a
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point x of U over t ∈ T which corresponds to (O⊕r
P1U
,∇, {l(i)j }). Take a path γ in MαC/T (t˜, r, d) starting at
x and comming back to a point y over t such that γ is a solution of the differential equation determined
by the isomonodromic deformation. Let (F,∇F , {(l(i)F )j}) be the parabolic connection corresponding to
y. Then F may not be trivial and so y may not lie in U . Thus U and (15) do not have the geometric
Painleve´ property. Moreover, we want to describe the isomonodromic deformation even on the locus
contracted by RH. So the equation (15) itself is not enough for the explicit geometric description of the
isomonodromic deformation, because (15) is defined only on a Zariski open set and is even not defined
in higher genus case. In order to obtain the splitting D, we will go back to how the equation (15) arises
as the isomonodromic deformation. Take a local constant section σ : T ′ → RPr(C, t˜)♯ ×T T ′, where T ′ is
an analytic open subset of T . Then σ corresponds to a local system Vσ on CT ′ \ ((t˜1)T ′ + · · ·+ (t˜n)T ′)
after shrinking T ′. The canonical flat connection on Vσ ⊗OCT ′\((t˜1)T ′+···+(t˜n)T ′) extends to an integrable
logarithmic connection
(16) ∇σ : E˜RH−1(σ(T ′)) −→ E˜RH−1(σ(T ′)) ⊗ Ω1CT ′ (log((t˜1)T ′ + · · ·+ (t˜n)T ′))
whose induced relative connection is just ∇˜|C×TRH−1(σ(T ′)). The equation (15) comes from the integra-
bility condition for ∇σ. Taking the tangent direction of σ(T ′), we obtain the splitting D. Precisely, we
have the following proposition:
Proposition 8.1. There exists an algebraic splitting
D : π∗(ΘT )→ ΘMα
C/T
(t˜,r,d)
of the tangent map ΘMα
C/T
(t˜,r,d) → π∗(ΘT ) whose pull-back to MαC/T (t˜, r, d)♯ ×T T˜ coincides with D♯.
Proof. We will define the corresponding homomorphism ΘT → π∗ΘMα
C/T
(t˜,r,d). Take any affine open set
U ⊂ T and a vector field v ∈ H0(U,ΘT ). Then v corresponds to a morphism ιv : SpecOU [ǫ] → T with
ǫ2 = 0 such that the composite U →֒ SpecOU [ǫ] → T is just the inclusion U →֒ T . We denote the
restriction of the universal family to C ×T π−1(U) simply by (E˜, ∇˜, {l˜(i)j }). Consider the fiber product
C×T SpecOπ−1(U)[ǫ] with respect to the canonical projection C → T and the composite SpecOπ−1(U)[ǫ]→
SpecOU [ǫ] ι
v
→ T . We denote the pull-back of D(t˜) by the morphism C ×T SpecOπ−1(U)[ǫ]→ C simply by
D(t˜)Oπ−1(U)[ǫ]. We call (E ,∇E , {(lE)
(i)
j }) a horizontal lift of (E˜, ∇˜, {l˜(i)j }) if
(1) E is a vector bundle on C ×T SpecOπ−1(U)[ǫ],
(2) E|t˜i×SpecOπ−1(U)[ǫ] = (lE)
(i)
0 ⊃ · · · ⊃ (lE)(i)r = 0 is a filtration by subbundles for i = 1, . . . , n,
(3) ∇E : E → E ⊗ Ω1C×T SpecOπ−1(U)[ǫ]/π−1(U)
(
log
(
D(t˜)Oπ−1(U)[ǫ]
))
is a connection satisfying
(a) ∇E(F (i)j (E)) ⊂ F (i)j (E) ⊗ Ω1C×T SpecOπ−1(U)[ǫ]/π−1(U)
(
logD(t˜)Oπ−1(U)[ǫ]
)
, where F
(i)
j (E) is
given by F
(i)
j (E) := ker
(
E → E|t˜i×TSpecOπ−1(U)[ǫ]/(lE)
(i)
j
)
,
(b) The curvature ∇E ◦ ∇E : E → E ⊗ Ω2C×T SpecOπ−1(U)[ǫ]/π−1(U)
(
log
(
D(t˜)Oπ−1(U)[ǫ]
))
is zero,
(c) (rest˜i×T SpecOπ−1(U)[ǫ](∇˜E ) − λ˜
(i)
j )((l
E)
(i)
j ) ⊂ (lE)(i)j+1 for any i, j, where ∇˜E is the relative
connection over SpecOπ−1(U)[ǫ] induced by ∇E and
(d) (E , ∇˜E , {(lE)(i)j )⊗Oπ−1(U)[ǫ]/(ǫ) ∼= (E˜, ∇˜, {l˜(i)j }).
Here we define the sheaf Ω1C×TSpecOπ−1(U)[ǫ]/π−1(U)
(
log
(
D(t˜)Oπ−1(U)[ǫ]
))
as the coherent subsheaf of
Ω1C×T SpecOπ−1(U)[ǫ]/π−1(U)
(
D(t˜)Oπ−1(U)[ǫ]
)
locally generated by g˜−1dg˜ and dǫ for a local defining equa-
tion g˜ of D(t˜)Oπ−1(U)[ǫ] and the sheaf Ω
2
C×T SpecOπ−1(U)[ǫ]/π
−1(U)
(
log
(
D(t˜)Oπ−1(U)[ǫ]
))
as the coherent
subsheaf of Ω2C×T SpecOπ−1(U)[ǫ]/π−1(U)
(
D(t˜)Oπ−1(U)[ǫ]
)
locally generated by g˜−1dg˜ ∧ dǫ. Assume that the
parabolic connection (E˜, ∇˜, {l˜(i)j }) is locally given in a small affine open subset W of C ×T π−1(U) by
a connection matrix Ag−1dg, where g is a local defining equation of (t˜i × π−1(U)) ∩W , A ∈ Mr(OW ),
A((t˜i × π−1(U)) ∩ W ) is an upper triangular matrix and the parabolic structure {l˜(i)j }W is given by
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(l˜
(i)
j )W = (
r−j︷ ︸︸ ︷∗, ∗, . . . , ∗, 0, . . . , 0). Let W˜ be the affine open subscheme of C × SpecOπ−1(U)[ǫ] whose under-
lying space is W and let g˜ be a lift of g which is a local defining equation of (t˜i × SpecOπ−1(U)[ǫ]) ∩ W˜ .
If we denote the composite OW˜
d→ Ω1
W˜/π−1(U)
= OW˜ dg˜ ⊕ OW˜ dǫ → OW˜ dǫ by dǫ, we can take a lift
A˜ ∈Mr(OW˜ ) of A such that dǫ(A˜) = 0 and A˜((t˜i × SpecOπ−1(U)[ǫ])∩ W˜ ) is an upper-triangular matrix.
Then the connection matrix A˜g˜−1dg˜ gives a local horizontal lift of (E˜, ∇˜, {l˜(i)j })|W . We put
F0 :=
{
u ∈ End(E˜)
∣∣∣u|t˜i×π−1(U)(l˜(i)j ) ⊂ l˜(i)j (1 ≤ i ≤ n, 0 ≤ j ≤ r)}
F1 :=
{
u ∈ End(E˜)⊗ Ω˜1
∣∣∣∣∣ u(F
(i)
j (E˜)) ⊂ F (i)j (E˜)⊗ Ω˜1 for any i, j and the image of
F
(i)
j (E˜)
u→ E˜ ⊗ Ω˜1 rest˜i→ E˜|t˜i×π−1(U) is contained in l˜
(i)
j+1 for any i, j
}
F2 :=
{
u ∈ End(E˜)⊗ Ω˜2
∣∣∣u(F (i)j (E˜)) ⊂ F (i)j+1(E˜)⊗ Ω˜2 for any i, j} ,
where we put
Ω˜1 := Ω1C×Tπ−1(U)/π−1(U)(D(t˜))⊕OC×Tπ−1(U)dǫ
Ω˜2 := Ω1C×Tπ−1(U)/π−1(U)(D(t˜)) ∧ dǫ
F
(i)
j (E˜) := ker
(
E˜ → E˜|t˜i×π−1(U)/l˜
(i)
j
)
.
Consider the complex
F0 d
0
−→ F1 d
1
−→ F2
defined by d0(u) = ∇˜ ◦ u − u ◦ ∇˜ + udǫ and d1(ω + adǫ) = dǫ ∧ ω + (∇˜ ◦ a − a ◦ ∇˜) ∧ dǫ for u ∈ F0,
ω ∈ End(E˜)⊗ g−1dg and a ∈ F0 such that ω + adǫ ∈ F1.
We can see that an obstruction class for the existence of a horizontal lift of (E˜, ∇˜, {l˜i}) is inH2(F•) and
the set of horizontal lifts is isomorphic toH1(F•) if it is not empty. It is obvious that d0 is injective and d1
is surjective. Take any member ω+adǫ ∈ ker(d1). Then we have d1(ω+adǫ) = dǫ∧ω+(∇˜◦a−a◦∇˜)∧dǫ = 0.
So we have ω = ∇˜ ◦ a− a ◦ ∇˜ and d0(a) = ∇˜ ◦ a− a ◦ ∇˜+ adǫ = ω+ adǫ. Thus F• is exact at F1. Hence
F• is an exact complex. Thus we have H2(F•) = 0, H1(F•) = 0 and there is a unique horizontal lift
(E ,∇E , {(lE)(i)j }) of (E˜, ∇˜, {l˜i}). We can check that v 7→ (E , ∇˜E , {(lE)(i)j }) gives an OT -homomorphism
ΘT → π∗(ΘMα
C/T
(t˜,r,d)). Thus we obtain an OMα
C/T
(t˜,r,d)-homomorphism
D : π∗(ΘT )→ ΘMα
C/T
(t˜,r,d)
which is a splitting of the surjection ΘMα
C/T
(t˜,r,d) → π∗(ΘT ). By construction we can see that the pull-back
of D to MαC/T (t˜, r, d)
♯ × T˜ coincides with D♯. 
Remark 8.1. (1) We can see by construction that the image D(π∗ΘT ) is in fact contained in the relative
tangent bundle Θ
Mα
C/T
(t˜,r,d)/Λ
(n)
r (d)
.
(2) As is explained in section 2, the subbundle D(π∗ΘT ) ⊂ ΘMα
C/T
(t˜,r,d) satisfies an integrability condi-
tion and determines a foliation FM on MαC/T (t˜, r, d). By the proof of Proposition 8.1, we can see that
{RH(L)|L ∈ FM} coincides with FR.
Proof of Theorem 2.3. Take any path γ : [0, 1] → T and a point x ∈ MαC/T (t˜, r, d) such that
π(x) = γ(0). We take a lift x˜ ∈ MαC/T (t˜, r, d) ×T T˜ of x. We can easily lift γ to a path γ˜ : [0, 1] →
(RPr(C, t˜)×T T˜ )×A(n)r Λ
(n)
r (d) such that γ˜[0, 1] is contained in a leaf of FR ×A(n)r Λ
(n)
r (d) and RH(x˜) =
γ˜(0). Since a leaf of F˜M passing through x˜ is locally isomorphic to T˜ , we can take a unique local lift
δǫ : [0, ǫ)→MαC/T (t˜, r, d)×T T˜ of γ˜ for small ǫ > 0 such that δǫ(0) = x˜ and δǫ([0, ǫ]) is contained in a leaf
of F˜M . Consider the set
A :=
{
t ∈ (0, 1]
∣∣∣∣∣ there exists a lift δt : [0, t)→M
α
C/T (t˜, r, d)×T T˜ of γ˜|[0,t)
such that δ(0) = x˜ and δ([0, t)) is contained in a leaf of F˜M
}
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and put a := supA. Assume that a < 1. Then there is a sequence {tn}n≥0 in A such that limn→∞ tn = a.
Since RH :MαC/T (t˜, r, d)×T T˜ → (RPr(C, t˜)×T T˜ )×A(n)r Λ
(n)
r (d) is a proper morphism, RH
−1(γ˜[0, a]) is
compact. Thus the sequence {δtn(tn)} inRH−1(γ˜[0, a]) has a subsequence {δtnk (tnk)} which is convergent
in RH−1(γ˜[0, a]). We put x˜a := limk→∞ δtnk (tnk) ∈ RH
−1(γ˜[0, a]). Then RH(x˜a) = γ˜(a) and we can
take a local lift δ˜a : (a− ǫ, a+ ǫ)→MαC/T (t˜, r, d)×T T˜ of γ˜|(a−ǫ,a+ǫ) for small ǫ > 0 such that δ˜a(a) = x˜a
and δ˜a((a − ǫ, a+ ǫ)) is contained in a leaf of F˜M . Gluing δ˜a and δtn for some tn ∈ A with tn > a − ǫ,
we can obtain a lift δa : [0, a + ǫ) → MαC/T (t˜, r, d) ×T T˜ of γ˜|[0,a+ǫ) whose image is contained in a leaf
of F˜M . Thus a + ǫ ∈ A which contradicts the choice of a. So we have a = 1 and we can obtain a lift
δ1 : [0, 1]→ MαC/T (t˜, r, d)×T T˜ of γ˜ whose image is contained in a leaf of F˜M . Taking the image by the
projection MαC/T (t˜, r, d)×T T˜ →MαC/T (t˜, r, d), we obtain an FM -horizontal lift δ of γ such that δ(0) = x.

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